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PREFACE. 

In  writing  the  following  Treatise  the  author  has  had 
primarily  in  view  the  development  in  natural  order  of  the 
general  laws  that  govern  the  operations  of  real  quantities 
in  Algebra.  The  various  quantitative  symbols  have  ac- 
cordingly been  introduced  at  as  early  a  stage  as  possible, 
so  as  to  bring  them  at  the  same  time  under  the  general 
rules.  In  the  remaining  parts  of  the  book  the  treatment 
of  the  subjects  will  be  found  to  agree,  in  the  main,  with 
the  works  of  standard  authors.  Instead,  however,  of 
placing  at  the  end  a  set  of  general  examples,  as  was 
originally  intended,  the  author  was  induced,  from  a  con- 
sideration of  the  simplicity  and  importance  of  the  subject, 
to  insert  a  chapter  on  the  method  of  Determinants. 

In  commencing  the  study  of  such  a  treatise  as  the 
following,  the  pupil  should  of  course  know  something  of 
the  subject.  To  supply  this  preliminary  knowledge  the 
author  intends  to  prepare  forthwith  a  small  treatise  for 
the  use  of  beginners. 

Should  the  present  work  he  received  with  favour  by 
teach  rrs  a  second  part  will  be  brought  out,  in  which  the 
higher  parts  of  the  subject  will  be  treated. 

The  author  would  feel  obliged  for  any  suggestions  or 
corrections  that  may  be  communicated  to  him. 


UNIVERSITY 

Toronto,  June,  1873. 


THE  ELEMENTS  OF  ALGEBRA. 


INTRODUCTION. 

1.  In  the  ordinary  processes  of  Arithmetic  the 
quantities  involved  are  expressed  by  means  of  the  nine 
digits  and  zero,  and  combinations  of  these  ;  but  the 
operations  performed  are  not  indicated  by  the  results 
obtained,  although  they  may  be  sometimes  sug- 
gested by  the  arrangement  of  the  various  parts  of 
the  process.  "We  can  always  tell,  for  instance, 
when  the  operation  of  Division  has  been  performed, 
by  the  arrangement  of  its  various  parts,  but  the  con- 
nection between  the  several  figures  of  the  quotient 
and  the  corresponding  steps  of  the  process  can  only 
be  exhibited  by  a  lengthy  explanation  in  words. 

In  Algebra,  on  the  other  hand,  quantities,  and  the 
operations  on  quantities,  are  denoted  by  means  of 
symbols  and  signs,  the  use  of  which  enables  us  to 
exhibit  operations,  either  simple  or  complex,  on  any 
quantities  whatsoever  without  the  assistance  of 
words. 

The  results  of  these  operations  on  general  symbols 
do  not  exhibit  the  individual  values  of  the  quantities 
which  are  the  subject  of  investigation.  They  only 
indicate  the  operations  which  ought  to  be  performed 
on  the  given  quantities  to  obtain  the  value  sought. 
If,  however,  the  given  quantities  are  expressed  by 
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numbers,  the  results  of  the  Algebraical  will  cor- 
respond to  those  of  the  Arithmetical  operations, 
which  are  thus  included  in  the  more  general  pro- 
cesses of  Algebra. 

2.  Any  object  or  result  of  an  Algebraic  operation 
is  called  an  Algebraic  quantity  or  expression. 

3.  There    are    two  distinct  and  independent  ele- 
ments in  Algebraic   quantities,  the  designative   and 
the  quantitative;  the  former  of  which  is  denoted  by 
means  of  signs  and  combinations  of  signs,  and  the 
latter  by    means    of  symbols    and  combinations  of 
symbols. 

4.  The  usual  symbols  are  (1)  figures,  as  in  Arith- 
metic; (2)  letters  of  alphabets,  either  alone,  or  marked 
with  accents,  dashes,  suffixes,  or  other  marks,  as  a,  b, 
x,  y,  a,  ft,  a'f  xlt  a2,  ft",  &c. 

5.  Quantities  are  said  to  be  positive  or  negative 
according  as  their  designative  elements  are  denoted 
by  the  signs  +  or    —  ,   or  the  equivalents  of  these 
written  immediately   before  their  quantitative  sym- 
bols. 


Thus  +  3,  +#,  +y  are  positive  quantities  whose 
quantitative  elements  are  denoted  by  3,  x,  and  y  ;  —  5, 
—  a,  —z  are  negative  quantities  whose  quantitative 
values  are  5,  a,  and  z. 

6.  The   sign  +  is  called  the  plus  sign,  and  the 
sign  —  the  minus  sign. 

7.  Positive  and  negative  quantities  are  also  called 
real  quantities. 
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8.  Quantities  which  are  not  real  are  called  imagi- 
nary, or  impossible  quantities.     The  manner  of  de- 
noting such  quantities  will  only  be  treated  of  inci- 
dentally in  the  following  Treatise.     Unless  otherwise 
stated,    therefore,    all    quantities   will   be   supposed 
real. 

9.  The  symbol  =  stands  for  is,  or  are,  equal  to, 
and  is  written  between  the  quantities  whose  equality 
At  is  desired  to  express.     Thus  a  —  3  denotes  that 
the  value  of  a  is  3. 

10.  The  symbol  >  stands  for  is,  or  are,  greater 
than,  and  the  symbol  <  for  is,  or  are,  less  than. 

11.  The  symbol  .*.  means  hence,  or  therefore,  and 
the  symbol  • .  •  since  or  because. 

12.  The  following  are   some  of  the  laws   by  which 
symbols    are    combined    to  denote  the   quantitative 
element  of  Algebraic  quantities  : 

(1.)  The  product  of  any  quantitative  symbols  is  repre- 
sented by  writing  them  down  in  a  horizontal  line  one 
after  another,  in  any  order,  with  or  without  the  multi- 
plication sign  x ,  or  the  dot  .  ,  between  them. 

Thus  ab,  ba,  a.b,  b.a,  axb,  bxa  all  denote  the  pro- 
duct of  a  and  b ;  abc,  a.b.c,  axbxc,  the  product  of  a,  6, 
and  c;  and  so  on. 

Figure  symbols  are  written  first  in  order ;  thus  3«, 
5ab,  Qabc. 

When  there  are  more  figure  symbols  than  one  the 
multiplication  sign  x  only  must  be  used  between  them. 

Thus  the  product  of  5  and  6«  is  denoted  by  5  x  6a, 
and  not  by  5.6a,  or  56«,  whose  values  fire  Jive  decimal 
six  times  a,  and  fifty -six  times  a,  respectively. 

A2 
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(2.)  The  symbol  «2  stands  for  aa,  aB  for  aaa  and  gene- 
rally an  for  aa  x  with  a  written  n  times. 

(3.)  The  quotient  of  one  quantity  a  by  another  b  is 


a 


denoted  by  the  symbol  a  +  b,  or  the  fractional  form  - 


(4.)  The  product  of  a  fraction  -  by  a  quantity  c  is 


ac 


denoted  by  -r~>  and  the  product  of  two  fractions  -  and 

c  .    ,          ,  ,     ac 
-is  denoted  by  -=-. 


d 


bd 

Thus  the  product  of  -  and  3  is  -  ;  of  -  and  -  is  - 

a  a'       3          b        36 


,     .  a       ,  2  .    2a 

and  oi  -  and  -  is  —  -. 

3         x      3x 


(5.)  The  quotient  of  a  fraction  -  by  a  quantity  c  is 
denoted  by  — ;  of  a  quantity  a  by  a  fraction  -  by  — ; 

and  of  a  fraction  -  by  a  fraction  -  by  — . 
b     J  d    J  be 


m,        3  3  5        8a    2     5 

Thus  -    -r-  a  =  -;  3  4-  -  =    — ;  -  •*-- 

5  5«  a         5     a     o 


13.  It  is  to  be  observed  that  the  numerical  value 
of  a  quantity  which  is  not  fractional  in  form  may  be 
a  fraction,  and  the  numerical  value  of  a  quantity 
which  is  fractional  in  form  may  be  an  integer. 


Thus  a  may  stand  for  2  and  b  for  -  ,  in  which  case 

T 
o 


i 

the  value  of  T  would  be  2  -7-  -  or  4,  an  integer. 
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Again,  if  a  =  ^  and  b  =-  ,  the  value  of  ab  would 
be  ^  x  2  >  or  Q  i  an<^  the  value  of  -  would  be  -  -f- -  ,  or  2. 

14.  When  two  or  more  quantities  are  multiplied 
together,  each  is  said  to  be  a  factor  of  the  product. 

Thus  a  and  b  are  factors  of  ab  ;  3  and  a2  are  factors 
of  3a2 ;  and  5,  b  and  c  are  factors  of  5bc. 

15.  One  factor  of  a  product  is  said  to  be  a  co- 
efficient of  the  remaining  factor,  and  is  said  to  be  a 
literal,  or  a  numerical  coefficient  according  as  it  in- 
volves letters  or  not. 

Thus  in   8#  the  numerical  coefficient  of  a;  is  3;  in 
ao?  the  literal  coefficient  of  a?  is  a. 

Also,  since  x  —  1  x  #,  the  coefficient  of  x  in  the 
quantity  a;  is  1. 

The  sign  +  or  —  preceding  a  product  is  also  a  sign 
of  the  coefficient.     Thus  the  coefficient  of  x  in  -f-  8#  is 

2  2 

-f  3,  of  a?  in  —  5ao?  is  —  5«,  and  of  z2  in  —  -  z*  is  —  - . 

o  3 

16.  Quantities  are  equal  when    their  designative 
elements  are  alike  and  their  quantitative  elements 
equal. 

17.  Quantities  are  said  to  be  like  or  unlike  accord- 
ing as  their  quantitative  elements  involve  the  same 
or  different  combinations  of  letters. 

Thus  +5rt,  +7 'ft  are  like  quantities  ;  tnd  so  also  are 
-j-Gorfy,  —  5ar^/;   —  2«,  —a2  are  unlike  quantities. 


ADDITION  AND   SUBTEACTION. 

18.  The  sum  of  any  quantities  is  denoted  by  writing 
them  down  in  a  horizontal  linej  one  after  another,  in 
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any  order;  and  each  quantity  is  said  to  be  a  term  of 
the  sum. 


Thus  the  sum  of  +  «  and  —b  is  +  «  —  b,  or 
the  sum  of  +  a,   —b  and  +c  is  +  «  —  6  +  c;  and  the  sum 
of  +«—6+c  and  +  d  —  0  is  +  «  —  b+c+d  —  e. 

Also  the  terms   of   +#  —  y  are  +#  and  —  ?/,  and    the 
terms  of  +  a2  —  6c  +  c2  are  +  «2,  —  tc,  and  +  c2. 


19.  If  a  quantity  contains  no  parts  connected  by 
the  signs  4-  or  —  it  is  called  a  simple  expression,  or 
a  mononomial. 

Thus  2.*?,  —  3#,  4a&  are  mononomials. 


20.  When  a  quantity  consists  of  two  terms  it  is 
called  a  binomial  expression;  when  it  consists  of  three 
terms  it  is  called  a  trinomial  expression;  and  gene- 
rally when  it  consists  of  several  terms  it  is  called  a 
polynomial  or  multinomial  expression. 

Thus  +  2.17  —  z  is  a  binomial,  +#  —  6  +  cis  a  trinomial, 
and  -\-a  —  b  —  c-\-d  a  polynomial  expression. 

21.  The  sign  of  a  mononomial,  or  of  the  first  term 
of  a  polynomial,  if  it  is  positive,  is  generally  omitted, 

Thus  2a5  stands  for  +  2#2,  and  a  —  6+cfor+a  — 


22.  The  sum  of  two  quantities,  positive  and  nega- 
tive, whose  quantitative  elements  are  equal  is  0. 
Thus  +«-«  =  0;   -2tf2  +  2#2  =  0;   +2a-8i-2a+3& 


EXAMPLES. 
1.  The  sum  of  #—  y,  y  —  z,  and  z  —  x  is 


=  0. 
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2.  The  sum  of  2^+a+l,  a2-!,  and  -2^-1  is 
2;e2+a?+l+aja  —  1  —  2«a  —  1,  which  becomes  by  changing 
the  order  of  the  terms 


=x+a?-l. 

EXEKCISES,    I. 

Find  the  sum  of 

1.  rt+6  —  c  and  —  6+c. 

2.  #+&,  a  —  6+c,  and  b  —  c  —  a. 

3.  a  —  6+c,  6  —  c+a,  and  c  —  a-}-b. 

4.  i^  -  i^  +  i2#,  iy«  -  i#2/>  and  xy  - 


23.  The  difference,  between  one  quantity  and  another 
is  the  quantity  which  added  to  the  latter  will  produce 
the  former. 

Thus  the  difference  between  +  a  and  —  b  is  the  quan- 
tity which  added  to  —b  will  produce  +«. 

24.  The  operation  of  Subtraction  is  thus  the  inverse 
of  Addition,  and  therefore  the  difference  required  will 
be  found  by  adding  the  first  quantity  to  the  second 
with  its  sign  or  signs  changed. 

Thus  the  difference  between  a  and  —  I  is  a+6,  because 
the  sum  of  a+b  and  —b  is  a.  So  also  the  difference 
between  a  —  b  and  c  —  d  is  the  sum  of  a  —  b  and  —  c+rf, 
that  is  a  —  b  —  c-\-d,  because  the  sum  of  a-^b  —  c-\-d  and 
c  —  d  is  a  —  b. 

EXAMPLE. 

From  a+b  —  c  take  b  —  c+d. 

Change  the  sign  of  every  term  in  b  —  c+d,  and  we 
get  —  6+c  —  d. 

Therefore  the  difference  required  is 

a+6  —  c  —  b-\-c  —  d  —  a  —  d. 
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EXERCISES,  II. 

1.  From  a  —  Stake  —  b-\-c. 

2.  From  2x  —  3?/  take  2x  —  3y-{-z. 

3.  From  a-\-b  —  c  take  b  —  c+d. 

4.  From  a  —  b-\-c-\-d  take  —b-\-d  —  e. 

25.  The  results  of  operations  in  Addition  and  Sub- 
traction may  also  be  represented  by  combinations  of 
signs  and  symbols,  according  to  the  following  Laws : 
Law  I. . 

)  =  +«»  +(-«)=-«,  -(  +  «)=-«, 


t 

Thus  the  sum  of  a  and  -\-b,  which  is  a+b,  may  also 
be  written  a-\-(-}-b)  if  +  (+  fc)  =  -ffc;  the  sum  of  a  and 
—  &,  which  is  a  —  i,  may  be  written  «-f(—  &),  if 
-f  (  —  i)  =  —  b  ;  the  difference  between  a  and  +  b,  which 
is  a  —  b,  may  be  written  a  —  (-\-b),  if  —(  +  &)=—#;  and 
the  difference  between  a  and  —  &,  which  is  a-f  6,  may 
be  written  a  —  (  —  b),  if  —  (  —  &)  = 


26.  The  bracket  (    )  is  usually  omitted  in  the  case 
of  a  mononomial. 

Thus  +  (  —  a)  is  written  -\  —  a. 


27.  Law  II. 


=  +  +a++b=+a+b, 


—  (  +  «+&)  = \-a \-b=  —a  —  b, 

—  (-{-a  —  fy— \-a b=  —  a-\-b, 

and  so  on,  the  sign  outside  the  bracket  being  said  to 
operate  distributively  on  all  the  signs  within. 

Thus  the  sum  of  a  and  —  b-\-c,  which  is  a  —  b+c,  may 
also  be  written  «  +  (  —  b-\-c)  if  +(  —  b-\-c)=  —  b-\-c;  and 
the  difference  between  a  and  -\-b  —  c,  which  is  a  —  b-\-c, 
may  be  written  a  —  (  +  b  —  c)  if  —  ( -f  &  —  c)  =  —  fc+ c. 

So  also  the  sum  and  difference  of  a  and'—  b+c  —  d 
may  be  written  a+(  —  b+c  —  d),  and  a  —  (  —  b-{-c  —  d), 
respectively. 
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28.  In  the  above  combinations  signs  other  than 
those  written  immediately  before  symbols  are  called 
signs  of  operation,  the   sign   +    being   the    sign   of 
operation  in  the  case  of  Addition,  and  the  sign  —  in 
the  case  of  Subtraction  ;  and  all  those  quantities  whose 
terms  are  affected  by  such  a  sign  are  enclosed  within 
brackets  (),{},[]. 

29.  The  bracket  is  sometimes  replaced  by  a  vin- 
culum  -          -  drawn  above  the  whole  quantity. 

Thus  a  —  \-b  —  c  is  equivalent  to  a  —  (-\-b  —  c). 

30.  Also  the  sign  of  the  first  term  of  the  quantity 
within  the  bracket  or  under  the  vinculum,  if  it  is 
positive,  is  generally  omitted. 

Thus  a-(b-c)  =  a-(  +  b-c). 


EXAMPLES. 

1.  Enclose  within   a  bracket  preceded  by    +    the 
second  and  third  terms  of  2a  —  Sb-\-c. 
Here  2a- 


2.  Enclose  within  a  bracket  preceded  by  —  the  second 
and  third  terms  of  2#  —  y+z. 

Here  2x—  y+z  =  2x  —  \-y  --  £=2#  —  (+y—  z)  =  2x 

-(*-*)• 

EXERCISES,  III. 

1.  Enclose  within   a  bracket  preceded  (1)   by    +» 
(2)  by  —  ,  the  second  and  third  terms  of 

a-\-b-\-c, 


a  —  b-\-c, 
a  —  b  —  c, 
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2.  Enclose  within  brackets  preceded  by 
and  second,  and  third  and  fourth  terms  of 


-x-y+z-l, 

—  oj+y+M-1, 

x-\-y  —  z—  1. 

31.  Law  III. 

+a(  +  b)  =-a(-b), 
ab=+a(-b)=-a 


—  (  +  ab  —  ac)  =  — 
+  (ab  —  ac  —  ad]  = 

and  so  on,  the  symbol  outside  the  bracket  being  said 
to  operate  as  a  multiplier  on  each  symbol  within. 
Thus  5x-5y  =  5  (x-y)  ;  a  -  3b  -  3c  =  a  -  (8fc  +  8c) 


2^  _  fl2  -f  «6  =  2a?  -  (a2  -  oi)  =  2o;  -  a  (a  -  b)  . 

EXERCISES,  IV. 

Enclose  the  second  and  third  terms  of  the  following 
quantities  within  a  bracket  preceded  by  the  symbol 
common  to  those  terms  : 

1.  2a-xy-xz< 
3.  «- 
5.  2a- 


2.  cP- 

4.  x-\y-\z. 


32.  Law  IV. 

and  so  on. 


2,  2+1  =  3,  3  +  1  =  4, 


33.  From  this  and  the  preceding  Laws  it  follows 
that  when  the  symbols  are  figures,  Algebraical  Addition 
includes  Arithmetical  Addition  and  Subtraction  of 
whole  numbers  and  fractions  if  quantities  to  be  added 
are  denoted  by  +,  and  quantities  to  be  subtracted 
by-. 
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Thus  the  Arithmetical  operations 

7 
5  8 

2  8  15 

_4  JJ  11 

11  6  4 

may  be  denoted  by  the  Algebraical  operations 

5  +  2+4-11,  8-3-5,  7  +  8-11  =  4. 

So  also 


The  following    examples,   however,   of  Algebraical 
Addition  have  no  corresponding  place  in  Arithmetic  :  — 
-1-2-3=  -(1  +  2  +  3)=  -+6=  -6, 
+  4-5=+4-4-l=-l, 


34.  From  the  preceding  Laws  it  follows  that 

rt  +  rt  =  (l  +  l)rt  =  2rt, 

—  a  —  a  —  a  =  —  (1  +  1  +  1)  «  =  —  Sa, 


and  so  on. 

35.  Hence  the  sum  of  any  number  of  like  quantities 
is  a  like  quantity  whose  coefficient  is  the  Arithmetical 
difference  between  the  sums  of  the  positive  and  nega- 
tive coefficients,  and  has  the  sign  of  the  numericall}7 
greater  sum. 

If  all  the  coefficients  have  the  same  sign  the  sum 
will  have  that  sign,  and  be  equal  numerically  to  their 
sum. 

36.  The  operations   of  Addition  and  Subtraction 
may  now  be  conducted  by  arranging  the  expressions 


12 
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t 
under  each  other  so  that  like  terms  shall  stand  in  the 

same  column,  and  proceeding  as  in  the  following 


EXAMPLES. 


a-\-b—   c 


a-   b 


+  3  4«- 

In  the  first  example  the  coefficients  in  the  first  column 
are  2  and  1,  and  as  they  have  the  same  sign  their  sum 
is  3 ;  in  the  second  column  the  coefficients  are  +  3  and 
—  1,  and  as  they  have  different  signs  their  numerical 
difference  2  is  taken  preceded  by  +,  the  sign  of  the 
numerically  greater  coefficient  3. 


—x 


-i 


-SfliB2-   bx+2c 


-y 


—  Ixy 


x*+x   -2 


In  the  first  column  of  the  last  Example  the  sum  of 
the  positive  coefficients  is  2f ,  and  the  numerical  dif- 
ference between  this  and  the  negative  coefficient  1  is  f , 
to  which  the  sign  of  2f  is  prefixed. 


Add  together 


EXERCISES,  V. 


2. 

3. 

4. 

5.   - 


—  7«,   - 


-a. 
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6.  8^-170?  +  12,     -x3-  +  3x  -9,  - 

—  X—  1. 

7. 
8. 

9. 

10. 

5«2 

11. 

12.   £#--*-#,    -|a?+|y,  \x-\y. 
13. 


87.  In  Art.  24  it  was  shown  that  the  difference 
between  one  quantity  and  another  was  the  sum  of  the 
former,  and  the  latter  with  its  sign  or  signs  changed. 
Hence  the  process  of  Subtraction  can  be  conducted  as 
in  the  following 

EXAMPLES. 

1.  From  7fl+146  take  5a-66. 
Here  the  second  quantity  with  its  signs  changed  is 
which  is  to  be  added  to 


It  is  usual,  however,  to  put  down  the  result  without 
actually  changing  the  sign,  but  merely  supposing  it 
done,  as  in  the  following  examples  :  — 

2.  From  §x—2y+z  take  2#- 
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Here  the  first  term  of  the  difference  is  3x  —  %x—x, 
the  second  term  is  —  %y-\-5y=-{-3y,  and  the  third  term 

•Jq          I      ~  Q^ O~ 

J.O    ~Y~  &  —  O.<*  —  ~~  £i& , 

3.   From  as  +  3a*b  +  3«fc2  +  bs    subtract    az  -  3azb  + 


-  b* 


4.  From  2^-^5  subtract  - 


+3 


5.  From  ^a  —  b+±c  subtract  a+±b-\-c 


EXERCISES,  VI. 

1.  From  2ft  —  5b  subtract  «+25. 

2 .  From  3x  —  ly + 4^  subtract  2x—3y-}-2z. 

3.  From  x—y+z  subtract  —x  —  y  —  z 

4.  From  —  2«  — 3&+2c  subtract  2«+ b  —  %c. 

5.  From  4#4  —  3^  —  2^  —  lx  4-  9  subtract  x*  — 


6.  From   -  5«24-  3/>2+  c2-  7a6  +  Qbc  -  Sea   subtract 


7.  From  i 

8.  From  « 

9.  From 
1  0  .  From 


subtract  %a  —  b. 
subtract  \a  —  \}>. 
—  f^+3  subtract  —%oP-\-%x  — 
subtract  ^yz  —  ^zx 
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THE    SIGNS  +  AND  -. 

38.  In  the  preceding  Articles  it  will  be  observed 
that   the   signs   +   and  —   are  employed  to  denote 
(1)  the  designative  elements  of  quantities,    (2)  the 
operations  of  Addition  and   Subtraction.     They  are 
also  used  in  combination  in  a  twofold  sense  to  denote 
the  operations  of  Addition  and  Subtraction  of  quan- 
tities, and  the  designative  elements  of  the  quantities 
on  which  those  operations  are  to  be  performed.    These 
various  uses  of  the  signs  will  be  illustrated  in  the 
following  Articles : — 

39.  Let  the  sign  +  denote  that  a  quantity  is  addi- 
tive, or  to  be  added;  then  the  sign  —  will  denote  that 
a  quantity  is  subtractive,  or  to  be  subtracted. 

Thus  if  40  and  50  are  to  be  added  to  100  the  40  and 
50  and  the  operation  of  Addition  may  be  denoted  by 
+40,  +50  the  sum  of  which  is  +90.  That  is,  the 
result  will  be  the  same  if  90  be  added  to  100. 

If  40  is  to  be  subtracted  from,  and  50  added  to  100, 
the  40  and  50  and  the  operations  of  Subtraction  and 
Addition  may  be  be  denoted  by  —40,  +50,  the  Alge- 
braic sum  of  which  is  +10.  That  is,  the  result  will  be 
the  same  if  10  be  added  to  100. 

If  40  is  to  be  added  to  and  50  subtracted  from  100, 
the  40  and  50  and  the  operations  of  Addition  and  Sub- 
traction may  be  denoted  by  +40,  -50,  the  Algebraic 
sum  of  which  is  —10.  That  is,  the  result  will  be  the 
same  if  10  be  subtracted  from  100. 

40.  Again,  suppose  a  man  to  walk  along  a  straight 
road  (running  east  and  west)  from  A  to  B  and  then 
to  C,  so  that  AC  is  his  distance  from  the  starting- 
point  A. 
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Here  if  the  +  sign  denote  east  the  —  sign  will 
denote  west. 

If  he  walk  from  A  to  B  east  10  miles,  this  distance 
and  direction  may  be  denoted  by  +10.  If  now  he  walk 
from  B  to  C  east  4  miles,  this  distance  and  direction 
may  be  denoted  by  +4;  and  the  distance  AC  will  be 
denoted  by  +10  +4  or  +14;  that  is,  C  will  be  14 
miles  east  of  A. 

If  AB  be  10  miles  east,  and  BO  4  mDes  west,  BC 
will  be  denoted  by  —4,  and  AC  will  be  +10  —4  or  +6  ; 
that  is,  C  will  be  6  miles  east  of  A. 

If  AB  be  10  miles  east,  and  BC  15  miles  west,  BC 
will  be  denoted  by  —15,  and  A  C  by  +10  —  15  or  —  5; 
that  is,  C  will  be  5  miles  west  of  A. 

41.  If  +  written  before  a  sum  denote  that   it  is 
due  to  a  person,  then  —  will  denote  that  it  is  due  by 
him. 

Thus  if  60  dollars  be  due  to  and  50  dollars  due  by 
him,  the  former  may  be  denoted  by  +  60  and  the  latter 
by  —  50,  and  the  Algebraic  sum  of  these,  which  is  + 10, 
will  denote  that  10  dollars  are  due  to  him. 

Again,  if  50  dollars  be  due  to,  and  60  dollars  due  by 
him,  the  Algebraic  sum  of  these,  which  is  —10,  will 
denote  that  10  dollars  are  due  %  him. 

42.  The  meanings  of  the  signs  +  and  —  in  com- 
binations may  be  illustrated  by  the  following  case : — 

If  a  man's  assets  be  denoted  by  +  his  liabilities  will 
be  denoted  by  — ,  and  +  and  —  when  written  before 
the  former  signs  will  denote  the  operations  of  Addition 
and  Subtraction. 

Thus  +  +  will  denote  the  Addition  of  an  asset,  -| — 
the  Addition  of  a  liability,  — \-  the  Subtraction  of  an 
asset,  and the  Subtraction  of  a  liability. 

For  example,  suppose  a  man's  assets  to  be  1000 
dollars,  and  his  liabilities  400  dollars ;  the  former  may 
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be  denoted  by  +1000,  and  the  latter  by  —400,  and  the 
man's  worth  will  be  the*  sum  of  these,  that  is, 

+ 1000  +  -  400  =  +  600  =  + 1000  -  +  400. 

• 

Therefore  the  addition  of  a  liability  of  400  is  the  same 
as  the  subtraction  of  an  asset  of  400. 

Again,  suppose  his  assets  to  be  1,000  dollars,  and 
his  liabilities  300,  so  that  he  is  worth  1,000+ -300, 
or  700  dollars.  If,  however,  his  liability  of  300  be 
subtracted  his  worth  will  be  1,000;  that  is,  his  worth 
wiU  be  +1,000  +-300 300  =  +1,000. 

Therefore  the  subtraction  of  a  liability  of  300  is 
equivalent  to  the  addition  of  an  asset  of  300. 

43.  Hitherto  letter  symbols  have  been  employed  to 
denote  the  quantitative  elements  only  of  quantities,  but 
they  may  now  be  employed  to  denote  both  the  desig- 
native  and  quantitative  elements.     In  such  cases  the 
signs  +  and  —  connecting  them  are  signs  of  ope- 
ration. 

Thus  the  sum  of  +  a  and  —  b  which  is  +  a  -\ —  b  may 
be  represented  by  x+y,  if  x=  +  a,  y=  —  b.  Here 
the  +  in  x+y  denotes  the  operation  of  Addition,  the 
symbol  x  denotes  a  positive  quantity  and  the  symbol  y 
a  negative  quantity. 

Again,  the  difference  between  -\-a  and  —  b+c  which 
is  +«—  (  —  b+c),  or  +  a  —  —  b \-c,  may  be  repre- 
sented by  x— y  —  z,  if  x^=  +a,  y=  —  b,z=+c. 

44.  It  appears,  therefore,  that  the  sign  of  such  a 
quantity  as  a  +  b  cannot  be  determined  until  we  know 
the  magnitudes  and  signs  of  a  and  b. 

Thus  if  a  be  a  positive  and  b  a  negative  quantity, 
a+b  will  be  positive  if  a  be  numerically  greater  than  b, 
and  negative  if  a  be  numerically  less  than  b.  For 

example,  if  a=  +6,  b=  -4,  a+b  =  +  6H 4  =  +  2, 

a  positive  quantity  ;  but  if  a—  +6,  b=  —8,  a+b=  +6 
+  -8=  —2,  a  negative  quantity.  So  if  a  be  positive 
and  b  be  negative,  the  quantity  a  —  b  will  be  positive. 
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For  example,  if  a—  -f-7,  b—  —  5,  a  —  b  =  +7 5 

=  +12,  a  positive  quantity. 

45.  One  quantity  a  is   said  to  be  Algebraically 
greater  or  less  than  another  fc,  according   as  their 
difference  a — b  is  positive  or  negative. 

Thus,  +8  >+7,  +5  >  -6,  -2,  >  -6,0  >-4,  be- 
cause the  difference  between  the  quantities  is  in  each 
case  positive. 

Again,  +  5  <  +7,  —  8  <  —3,  -2  <  0,  because 
the  differences  are  negative,  being  —  2,  —5,  —  2,  re- 
spectively. 

Hence  it  follows  that  such  a  series  of  quantities  as 
-4,  -2,  -1,0,1,2,4, 

is  in  ascending  order  of  magnitude,  whilst  the  quan- 
tities 

5,  3,  2,  0,  -1,  -4,  -7, 

are  arranged  in  descending  order  of  magnitude. 

BRACKETS. 

46.  The  use  made  of  brackets  in  Art.  27  may  be 
extended,   so  as  to  enable   us   to   collect  within   a 
bracket   various   parts  of  an  expansion   in  which  a 
bracket  is  already  employed.     When  it  is  necessary 
to  use  more    brackets  than  one  they  are  generally 
made  of  different  shapes. 

The  following  examples  will  illustrate  the  mode  of 
introducing  additional  brackets. 

EXAMPLES. 

1.  Since  the  sum  of  —b  and  —  c-\-d  —  —b+  (  — 
the  sum  of  a  and  —  &+(  —  c+d)  may  be  written 
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So  also  the  difference  between  a  and  —6+  (  —  c-\-d) 
may  be  written 

a  -  {-b+(-c+d)}. 

2.  The  quantity  a  —  b  +C  +d  —e  may  be  written  in 
the  equivalent  forms 

i  a  -{+b  -c  -d  -{-e} 

a  -{+b  -(c  +d  -e)} 


a  -{+b  -(c  -  ^ 

Here  the  signs  of  the  terms  within  the  bracket 
first  introduced  must  be  changed  on  account  of  the 
sign  -{. 

In  the  same  manner  the  signs  of  the  terms  with- 
in (  )  are  changed  on  account  of  the  sign  —  (  ;  and 
the  signs  of  the  terms  under  the  vinculum  on  account 
of  the  —  sign  preceding  it. 

3.  The  quantity  a  —b  -fc  -{-d  —e  may  also  be  ex- 
pressed in  the  equivalent  forms 

a  +{  —  b+c  +  d  -e} 
a+{  -(b-c)  -(-d+e)}. 

Here  the  introduction  of  the  bracket  preceded  by  -f 
does  not  affect  the  signs. 

EXERCISES,  VII. 

Enclose  within  a  bracket  preceded  by  —  all  but  the 
first  term  of 

1.  a  -b  +  (c  -d) 

2.  a+b  -(c-d) 
8.  a  -b  -(c  +  d) 

4.  a  -(b-c)  +  d 
6.  a  -{-(b  —  c^  —  d 

6.  a  —  (b  —  c)  —  d 

7.  a-b—- 


77.  Conversely,  an  expression  may  be  freed  from 
brackets  beginning  with  the  inside  pair  by  removing 

B  2 


20 


ELEMENTS  OF  ALGEBPA. 


them  in  succession,  the  signs  of  the  terms  within 
any  bracket  being  retained,  or  changed,  according  as 
the  sign  immediately  preceding  is  +  or  —  . 

EXAMPLES. 
1.  a-{-b  -(c-d)}  =  a-{-b-c 


3.  2#-   3?--2^-2^- 


=  0. 

48.  If  the  brackets  be  removed  successively,  com- 
mencing with  the  outside  ones,  the  sign  immediately 
preceding  any  bracket  will  not  affect  the  signs  of 
quantities  within  the  other  brackets. 

Thus  the  preceding  example  may  be  treated  as  follows : 

-2*- 


(20-2*+%)} 


.         •/  /v»      ___   *-?'!/ •/  iy   __s    I  */  /v» 


=  0. 


49.  Expressions  may  also  be  freed  from  brackets 
by  retaining  the  several  combinations  of  signs  till  all 
the  brackets  are  removed,  and  then  replacing  each 
combination  by  its  equivalent  +  or  —  sign  according 
•to  the  law, 
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A  combination  of  the  signs  +  ,  —  is  equivalent  to  —  , 
or  +  ,  according  as  it  contains  an  odd  number  of  — 
signs  or  not. 

For  example,  -\  ---  }-  a  =  -\  --  a  =  —  a 
—  —  -}-  a  =  —  —  a  =  -}-  a 
-\  ----  \-  a  =  -}-         -  a  =  +  -f  a  =  -fa. 

Thus  a  -{-b+(-c-d)}=a-{-b+-c+-d} 

—  a  --  b  —  I  —  c  —  I  —  d 


50.  Hence  the  brackets  may  be  removed  simultane- 
ously by  the  law  that  each  sign  of  operation  affects 
all  succeeding  terms  as  far  as  its  accompanying 
bracket  extends. 


For  example,  a—  [  —  b  —  (  +  c  —  d-\-e)] 

=  a—  —b  —  --  \-c  —  —  —d  —  —  — 
=  a  -{-b  -\-c  —d  —e. 

EXERCISES,  VIII. 

Simplify  the  following  expressions  by  removing  the 
brackets  and  collecting  like  terms  : 

1.  x—  (  —  y  —  2)  —  (z+x) 

2.  (a  -b)  -  (36-1) 

3.  (a+x)  -(b-x)  -  (a  -b) 

4.  2x  -\-3y-(-2x+4:z)} 

5.  {a  —  (x—  ?/)}  —  (%a-\-x-}-y) 

6.  Ba  -  {b  +  (2a-b)-(a-b)} 

7.  2a-b-{-(c-d)-(- 

8.  60-  [4&-{-4rt-(6a- 

9.  16-{5-2^-  [l-(3- 

10.  a+b-  [- 


11.   [a-5b-{a-(5c-2c-b- 

51.  In  the  same  manner  as  the  use  made  of  brackets 
in  Art.   27  was  extended  in  the  preceding  Articles 
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may  the  use  made  of  brackets  in  Art.   31   be  ex- 
tended. 

For  example,    the    quantity    ab  —  acd+ace   may   be 
written  in  the  equivalent  forms 

a  {b  —  cd-\-ce}j 
a  {b  —  c  (d  —  e)}. 

So   also    the   quantity    3  — 3#— 8#*/+3#?/z  may   be 
written  in  the  equivalent  forms 


8    [1—  x— xy-\-xyz\ 
8   [l- 
8     1- 


52.  In  such  cases,  the  effect  of  each  symbol  of 
operation  extends  as  a  multiplier  of  the  terms  after 
it  as  far  as  its  accompanying  bracket. 

Thus  in  the  last  example  3  is  a  multiplier  of  every 
term  as  far  as  ]  . 

53.  Conversely,  such  quantities  as  the  last  may  be 
freed  from  brackets  by  the  law,  that  each  sign  and 
symbol  of   operation  affect  all  terms  as  far  as  their 
accompanying  bracket  extends. 

Thus  if  the  brackets  be  removed  successively,  com- 
mencing with  the  inside  ones, 


=  4 

=  4  +  8#+  16xy  —  1  621/2. 


The  brackets  may  also  be  removed  simultaneously, 
as  in  the  following  example  : 


=  2-    -2#-  +  — 

=2 
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EXERCISES,  IX. 
Simplify  the  expressions 

1  (a+b)x+(a-b)y. 

2.  a-2(3a 

3.  30-2  {b-(c 

4.  3a-  [20-2  {«-(«-!)}  +  2]. 

5.  «-2(3rt+&)-3{&+2(rt-&)}. 

6.  4«-  [2a-  {26  (a?+y)- 

7.  a-2  [6  +  3  {a-2  (i-c)  +26-3  (a-5+2c)}]. 

8.  a-3(6-c)-i  {(«-&)  _4(A^c"-i^Ift)}. 

54.  The  use  of  brackets  may  be  still  further  ex 
tended   to   express   such   a  quantity  as  a(c 
(c  +  d)  in  the  equivalent  form  (c  +  d)  (a  +  b). 

In  the  same  manner 

a  (-c  +  d)  -b  (-c+d)  =  (-c  +  d)  (a-b). 
(a  —  b)  x  —(a  —  b)y  —(a  —  b)z  =  (a  —  b)  (x  —  y—z). 
-6=a(y-8)  +2  (</-3). 


=  («+!) 


MULTIPLICATION. 

55.  The  product  of  any  quantities  is  represented 
by  enclosing  each  of  them  in  a  bracket,  and  writing 
them  together  in  a  horizontal  line  in  any  order  with 
or  without  the  dot  .  ,  or  Multiplication  sign  x  be- 
tween them. 

Thus  (+a)  (  —  b)  denotes  the  product  of  +a  and  —b; 
(a—b)  (  —  c)  denotes  the  product  of  a  —  b  and  —  c; 
(a—  b)  (c  —  d)  denotes  the  product  of  a  —  b  and  c  —  d; 
and  (a  —  b)  (c  —  d)  (e—f)  denotes  the  product  of  a  —  b, 
c—d,  and  e—f. 
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56.  Each  of  the  quantities  so  enclosed  in  a  bracket 
is  called  a  factor  of  the  product. 

Thus    +«,    —  b,  and  +c  are  factors  of  (-{-#)(  —  b) 

\      /  \      / 


57.  When  a  factor  is  a  mononomial  it  is  called  a 
simple  factor  ;  otherwise,  a  compound  factor. 

Thus  —a  is  a  simple  factor,  and  b  —  c  a  compound 
factor  of  (  —  a)  (b  —  c). 

When  the  factor  written  first  is  a  simple  factor,  its 
bracket  is  generally  omitted. 

Thus  (-a)(-b)  =  -«(-&),  (+x)  (y-z)  =  +x(y-z). 

58.  From  the  preceding  mode  of  representing  a 
product,  it  appears  that  it  is  equivalent  to  the  sum  of 
certain  terms  which  can  be  obtained  by  laws  the  con- 
verse of  those  laid  down    in    previous   Articles   for 
expressing  sums  in  various  equivalent  forms,  Multi- 
plication   being    thus    another  form  of   Algebraical 
Addition. 

59.  It  is  convenient  to  make  three  cases  in  Multi- 
plication, namely, 

I.  The  Multiplication  of  simple  factors. 

II.  The  Multiplication  of  a  simple  and  a  compound 
factor. 

III.  The  Multiplication  of  compound  factors. 
We  shall  take  these  three  cases  in  order. 

60.  I.  The  product  of  two  simple  factors  is  obtained 
by  a  law  the  converse  of  that  given  in  Art.  31,  namely, 

+  a  (  +  b)  =  +  +ab  =  +ab, 

-{-a  (  —  b)  =  -}-  —ab=  —  ab, 

—  a  (+b)  =  --  \-ab  =  —  ab, 

—  a  (—  b)  =  --  ab  = 
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Here  it  will  be  observed  tbat  tbe  sign  of  the  pro- 
duct may  always  be  obtained  from  the  signs  of  its 
two  factors  by  the  law  that  like  signs  produce  +  ,  and 
unlike  signs  —  . 

Thus  the  product  of  —  2#  and  —  3?/  is  +  6xy,  the  pro- 
duct of  +4^  and  -8y  is  - 


61.  Again,  since  +a  (—1)  =  —a  ft,  it  follows  that 

+  a  (-b)  (  +  c)  =  -  ab  (+c)  =  -abc. 

In  the  same  manner  it  may  be  shown  that 

-a  (  +  b)  (-c)  (  +  d)  =  +alcd, 

and  generally  that  the  product  of  any  number  of  factors 
is  obtained  by  finding  the  product  of  the  first  and 
second,  and  multiplying  this  result  by  the  third,  and 
so  on. 

62.  In  addition  to  the  modes  given   in  Art.  12, 
for  representing  the  quantitative  elements  of  quanti- 
ties we  shall  now  use  the  symbol  an,  where  n  may 
be  positive  or  negative,  integral  or  fractional. 

63.  The  symbol  an  is  called  the  nth  power  of  a,  or 
a  to  the  power  of  n,  and  this  power  is  said  to  be  of 
the  nth  degree  ;  also  the  symbol  n  is  called  the  index, 
or  exponent  of  the  power. 

Thus  a2  is  called  a  to  the  power  of  2,  or  a  squared  ; 
a3  is  called  a  to  the  power  of  3,  or  a  cubed  ;  whilst  a4, 

3        —~  5 

a~3,  a*,  a6  are  called  a  to  the  power  of  4,  a  to  the  power 
of  —8,  a  to  the  power  of  f  ,  and  a  to  the  power  of  —  f, 

_  2 

respectively.     Also  the  index  of  #5  is  5,    and  of  x 
is  -f. 

The  meanings  of  such  symbols  will  be  explained 
farther  on. 
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64.  Powers,  and  the  products  of  powers  of  a  quan- 
tity are  represented  according  to  the  following  laws, 
called  Index  Laws. 

I.  am  an  =  am+n, 
II.   (am)n  =  amn, 
III.   (ab)n  =  anbn, 


IV. 


Sa\n  =  a" 
\b)      =F 


m  and  n  being  any  real  quantities  whatsoever,  including 
zero. 

Thus,  by  Law  I.  we  have 


By  Law  II.  it  follows  that 

(o«)8  =  «10,  (^) 

,  9Ni          f    (  - 
(a2)3  =  «¥,  ^a 

By  Law  III. 


-4- 
=  a  ». 


65.  The  meaning  of  such  symbols  as  a  ,  a  ,  a  can 
now  be  established.     For  by  the  second  Index  Law, 


or  dr  is  a  quantity  whose  square  is  a  ;  that  is,  in  Arith- 


metical language,  a2  is  the  square  root  of  a,  or 

a*  =   Va. 
Again,  (a?)s  =  a2,  or  a3  is  a  quantity  whose  cube  is 

2  •£. 

a2 ;  that  is,  <r  is  the  cube  root  of  a2,  or  a3  =     ^a2. 
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m 

In  like  manner,  since  (an)n  =am,  it  may  be  shown 

m  _ 

that  an  =  V  am  ;  so  tliat,  m  and  n  being  positive  in- 

1_        m 

tegers,  the  symbols  an  ,  an  may  be  called  in  Arithmetical 
language  the  nih  root  of  a,  and  the  nth  root  of  the  with 
power  of  a  respectively. 

Thus  23  is  called  2  to  the  power  of  £,  or  the  cube 

root  of  2  ;  and  3~5  is  called  3  to  the  power  of  |,  or  the 
5th  root  of  the  4th  power  of  3. 

66.  By  the  first  Index  Law  it  follows  that  a8a~8 
—o,3~3—  a°.  The  meaning  of  such  a  result  may  be 
established  as  follows  :  — 


am.a?  = 

Also  am  X  1  =  am. 

Therefore          a°  =  1. 

Thus   (a*)°  =  a*  =  l;    (y*)«= 
4s*x8aT*  =  12^  =  12. 

67.  The  meanings  to  be  assigned  in  accordance 
with  the  Index  Laws  to  such  symbols  as  a"1,  a~i, 
a~s,  can  now  be  established  as  follows  : 

By  Law  I.  we  have 

««.#-»  =a°=l. 

But  the  product  of  an  and  —  is  also  1. 

an 

Therefore  or"  =  —  . 

an 


-,-,  , 

aP  a^  «* 

68.  The  quantity  -  is  called  the  reciprocal  of  a. 

Thus  i  is  the  reciprocal  of  3,  and  f  is  the  reciprocal 
off. 
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EXAMPLES. 


2.   -, 

8.    --, 


,1-2 +  8  _ 


=  —  -  a?*v 

•tA    y 


24 


4. 


EXERCISES,  X. 
Find  the  products  of 

1.   -la,  +46,  -c.         2.   +5^,  -T^2,  -20s 

4. 


5. 

7. 


6. 


69.  II.  The  product  of  two  factors,  one  of  which 
is  a  simple  factor,  is  obtained  by  a  law  the  converse 
of  that  given  in  Art.  81,  namely, 

-|-#(-|-6-{~c)  =  -f~  -\-rib  -}-  -\-cic  =  -\-db  -)-act 
•4-a  (  —  b  -j-c)  =  -f-  —  ab  -\ — \-ac  =  —ab  -]-#£, 

—  a  ( —  b  -f-  c)  =  —  —  ab \-ac  =  -\-ab  —  ac. 

Hence  the  product  of  two  factors,  one  of  which  is  a 

simple  factor,  is  the  sum  of  the  products  of  the  simple 

factor  and  each  term  of  the  other  factor. 

Thus,    —  2#  (x  —y  -\-z)  =  —2ax  -\-%ay  —%az; 

__  Q  /y»    i  O  />i2 O  /y»          "1  \    __    ^^  t?  ^i3     I    i\  f\ 

^^  \JJu    I  «Jc</     ^^    4U«X/    ^^  -L  I     — —     ^^  V/w         i     \  *»A 

The  work  may  be  arranged  as  follows  : 


EXEECISES,  XI. 

Multiply 

1.  2^  -80;  -1  by  -4a?.         2.  6^  +x  -3  by 

3.  3^  -4i/2  +5^a  by  2a^y.       4.  2a£  -^  +2  by  3^* 

5.  a?  -a^  +2/2  by  arV"1-         6.  fcT*-ia?  *-f  1  by  3a?i. 
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70.  III.  The  product  of  two  compound  factors  is 
obtained  from  the  law 


(a+b)  (c  +  d)  =(a+b)c  +(a+b)d  =ac  +  bc  +  ad+M, 
(  —  a+b)(c  —  d)  =  (  —  a-\-b)c  —  (  —  a-\-b)d  =  —  ac  -f  be  -f  ad 
—  bd, 

and  so  on,  which  is  the  converse  of  the  law  given  in 
Art.  54.  Hence  the  product  of  two  compound  factors 
is  the  sum  of  the  products  of  one  factor  and  each  term 
of  the  other,  and  may  be  obtained  as  in  the  following 

EXAMPLES. 

a?  -x     -2 

x  +  3 


-3x  -6 


Here  a?  —  oc*  —  2x  is  the  product  of  a?  —  x  —2  and  x, 
and  80?  —  3#  —  6  is  the  product  of  #*  —x  —2  and  +8, 
and  the  sum  of  these  is  a?  +2o?  —  5x  —6,  the  required 
product. 


x  + 
x  - 


t 

—  a;2  —  x  —x 


+a?  +1. 

+   7 


a?  +    3     -   23; 

lx 
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EXERCISES,  XII. 
Find  the  products  of 

1. 

2. 

3. 

4. 

5. 

6. 

7. 
1  8. 

9. 
10. 
11. 
12. 

13. 
14. 
15. 
16. 

17. 

18. 
19. 

20. 
21. 
22. 

28. 
24. 
25. 
26. 
27. 

28. 


-l  and  a?- 
a?—xy+if  and  x+y. 
a4_ft2&2-f  6*  and  a 
x*  —  ofiy  -\-oPip—  xif+y*  and  # 
2  and 

+l  and  2^- 
'-4  and 

—  ocy+x+y  —  1  and 

—  3^  and  a?  —  %y-\-3z. 
a*-\-b*-\-c*  —  bc  —  ca  —  ab  and 
a2_2^+6a+c8  and 

®  +y    and  x*  —  y  . 

33 

—  y  . 
and  a*  - 

and 


and  a?+  ^2  —  2. 
-2  and  a^-2+a? 
and  a?-4-a?- 


2 
,-3" 


and  a~z  —  1. 

\       *    t          I 

/v~~3     QV»H    nA      --  n —  " 
U>  cl'IlU.   tt      — ~  U          . 

*    IT  T  "5"7  •: 

— M  /Y*0^^0    QTi/i    /*    I    si  "  n  ' 
^^  iA/     u       dill  vi   Cf'    j^  tc    u 

l_  3 

-\-x2y  —  2/2  and  x-\- 
2  and  fa?  — y+f. 
a?"1  and  i^+1  — a?"1 
and  aP—yP. 

1 ^2^-1^2      Q  •*-» /•!       yfW 

«//      it  111,1    tf 

?L          1L 

\P    n-r\f\     rv£  __ 

*   clUU.  ilU    — 


—  1. 


11 

3 
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71.  When  two  factors  contain  integral  powers  only 
of  the  same  symbol  the  successive  coefficients  in  their 
product  may  be  obtained  by  the  following  method, 
called  the  method  of  Detached  Coefficients,  which  con- 
sists in  leaving  out  the  letters  in  the  ordinary  process, 
and  writing  the  coefficients  only  of  the  successive 
powers.  Whenever  a  power  is  wanting,  therefore,  its 
place  must  be  supplied  by  a  zero. 

Ex.1.         ^-3^3#  -1 


This  product  can  be  obtained  by  the  above  method, 
as  follows  :— 

1_3+  3-1 

1-2+  1 


_2+  6-  6  +  2 
4.  1-  3+3-1 

1-5  +  10-10+5-1. 

Here  we  have  the  coefficients  of  the  successive  powers 
in  the  product  commencing  with  x5. 

Ex.  2.  Find  the  product  of  5a^-2a;+l  and 


Here  the  coefficient  of  x*  is  wanting  in  each  factor, 
and  its  place  must  be  supplied  by  0. 

5+0-  2+1 
2-1 


25+0-10+5 
+0+  0-0+0 

+  10+0-4  +  2 
_  -5-0+2-1 

25+0+0+0-4+4-1. 
Therefore  the  product  is  25#6- 


32 


ELEMENTS  OF  ALGEBRA. 


EXERCISES,  XIII. 

Apply  the  method  of  Detached  Coefficients  to  find 
the  product  of 


2.  2^+3^+4^+5  and  ar'- 

3.  6a?-x+l  and  6ar»+aj-l. 

4.  6^-3^+1  and 

5.  7^  -5a^+  2  and 


72.  The  product  of  two  like  factors  is  called  the 
square  of  either. 

Thus  (a  —  b+c)(a  —  5+c)  is  the  square  of  a  —  b+c, 
and  may  be  written  (a—  &+c)2. 

When  the  two  factors  are  the  same,  since  the  product 
of  like  terms  in  the  multiplier  and  multiplicand  is  the 
square  of  either  term,  and  the  product  of  unlike  terms 
in  the  multiplier  and  multiplicand  is  repeated  in  the 
process,  it  follows  that  the  square  of  any  quantity  is 
the  sum  of  the  squares  of  each  term  and  twice  the 
product  of  every  two  terms. 

For  example,  find  the  square  of  a— 
a  —6 
a  —b 


-ab  +62-   be 

-\-ac         — 


Here  the  products  of  the  like  terms  a,  a;  —b,  —b; 
+  c,  +c  are  the  squares  of  a,  —6,  +c,  respectively; 
and  the  product  of  any  two  unlike  terms,  as  —b,  +c  is 
repeated,  giving  twice  the  product  of  those  two,  that 


s,  — 
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EXAMPLES. 


In  taking  the  products  of  the  terms,  two  and  two,  it 
will  be  found  of  advantage  to  take  in  order  the  product 
of  the  first  term,  and  each  term  that  follows  it,  then 
the  product  of  the  second  term,  and  each  term  that 
follows  it,  and  so  on,  if  there  be  more  terms  than 
three, 

2.  (2^-3tf-4)2=4 

+2  (to?)  (-4)+2  (-a*)  (-4) 


8.  (r-l-^ 
+  2(-l)  ( 


=  ^  -  2#  -  1  +  tor1  + 
4.   «*- 


EXERCISES,  XIV. 
Find  the  values  of 

6.  (ars-2+a;-2)2.  7.  (o?*-< 

11.  (a+b+c+d)*-(a-b+c-d)\ 

0 
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73.  Since  by  actual  multiplication 


(#+&-j-c)  (a-\-b  —  c)  =  (a+&)2— c2, 

and  so  on,  we  can  hence  write  down  at  once  the 
product  of  two  factors,  one  of  which  is  the  sum,  and 
the  other  the  difference  of  the  same  two  quantities. 

EXAMPLES. 


.  (2a?+8y)  (2x-3y)  = 


Here  {he  factors  are  arranged  so  that  one  is  the  sum, 
and  the  other  the  difference  of  x+y  and  2z. 


4. 


Here  the  factors  are  arranged  so  that  one  is  the  sum 
and  the  other  the  difference  of  %a  and  6  —  3* 


5.      ^_ 


6.       - 
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ExEECISES,    XV. 

Employ  the  preceding  method  to  find  the  product  of 
1.  a+Sb  and  a  -36.  2.  a2+&2  and  az-b*. 

3.  ^+&*  and  a%-b%.  4.  a*+6*  and  a*-b*. 

5.  4^+56*  and  4^- 

6.  «2+ 


_,    a2     c         _  a2     c 

7'  j  +7  and  4  -f 


8.  2a;+7/+«  and  %x-\-y—z. 

9.  5a  —  36+c  and  5a+36  —  c. 

10.  2a2-362- 

11.  x—y-\-z  —  \  and  #—  y— 

12.  2a?-8y+*-l  and  2a?-8y+«+l. 

13.  2a2- 


74.  Since  by  actual  multiplication 


<ve  can  write  down  at  once  the  product  of  any  two 
factors  one  of  which  is  the  sum  of  two  quantities, 
and  the  other  the  sum  of  the  squares  less  the  pro- 
duct of  the  same  two  quantities. 

EXAMPLES. 


Here  the  second  factor  is  the  sum  of  the  squares  of 
2a  and  b  less  their  product. 

2.  (a?-8y)  (x*+3xy+9y*)  =  a?-(3y)*=a?-27y*. 

Here  the  second  factor  is  the  sum  of  the  squares  of 
x  and  —  8i/  less  their  product. 

3.  x     x~l       x*-l      x-*  =  x     x~l 


4.  (^- 

o2 
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EXERCISES,  XVI. 
Find  the  product  of 

1 .  2#  +  3y  and  4#2  -  6xy  +  9y*. 

2 .  x  —  %y  and  x*  -f-  %xy  -\-  4?/2. 

3.  a*-b  and  rt4+ 

4.  a*-Hfr*ana<t 

5.  2a£— 8y*  and 

6.  tfP  +  i/9  and  sfr  — 

7.  aa?"1^-^"1^  and  «2#~2  — 


DIVISION. 

75.  Any  factor  of  a  product  is  said  to  be  the 
quotient  of  the  product  divided  by  the  other  factor. 

Thus  +2y  is  the  quotient  of  —  &c  (  +  2y),  or  —  6#y 
divided  by  —  3#;  2#  —  1  is  the  quotient  of  (2o;  —  1) 
(a?+2),  or  2^+3#-2,  divided  by 


76.  The  quotient  of  one  quantity  divided  by  another 
is  denoted  by  enclosing  them  in  brackets  and  writing 
the  sign  -5-  between  them,  or  by  writing  the  second 
below  the  first  with  a  line  between  them. 

Thus  the  quotient  of  —  a  divided  by  +6  is  denoted 


by  (  —  #)-h 
divided  by  x 
by 


—  a 


00  "^ 


,  or  by  —  -;,  the  quotient  of 
1  is  denoted  by  (2^  —  3#+l)-^(#—  1),  or 
and  so  on. 


77.  The  first  or  upper  quantity  is  called  the  Divi- 
dend, and  the  second  or  lower  one  the  Divisor. 

78.  When  the  Dividend   and  Divisor  are  mono- 
nomials  the  brackets  are  generally  omitted. 

Thus  (  —  2a?)-4-(+8y)  is  written  —  2#-v-+  3y. 
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79.  Since  Division  is  the  inverse  of  Multiplication, 
it  will  be  found  convenient  to  adopt  the  course  pur- 
sued in  the  last  Chapter,  and  consider  in  order  three 
cases,  namely — 

I.  The  Division  of  rnononomials. 

II.  The  Division  of  a  polynomial  by  a  monononiial. 

III.  The  Division  of  polynomials. 

80.  I.  The   Rule   of   Signs   in   Division   may   be 
deduced  as  follows  :  — 

Since  ( +v  )  ( +  &)=  +«»  it  follows  from  Art.  75  that 
=  -f    ,   In  the  same  manner,  since ( -f  ,V  —  /,)=  —  </., 


-^)  (  +  />)=-«.,  (—|)(-i)=4-«,   it   follows    that 

—  a  a      — a          a  n     -f  a  « 

i   =  +  ,  '        ZT  -  ~7'     and          ;    -  -  /  • 

—  b  b       -fo  b  — b  b 

Hence  the  Rule  of  Signs  is  the  same  in  Division  as  in 
Multiplication. 

+  4.,-          4#        —  x*  .!•••        —Zx          2# 

I        fill   Q        —  — "  ^~      r _  — •  I 

"'  '        %2'       -3  '          3* 


81.  When  the  Dividend  and  Divisor  involve  powers 
of  the  same  quantity,  the  quotient  can  be  obtained 
according  to  the  Law 

flm 

—  dm-n 

an 

m  and  n  being  any  real  quantities  whatsoever. 

This  Law  follows  from  the  first  Index  Law,  thus — 
fit"1""  an  =•  (im  ; 

am 


-ftTV—  n 
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Thus  -  = 
a2 


- 
~£ 


3. 


EXAMPLES. 


EXERCISES,  XVII. 

2.   +6 

4.   -4-#f/V  by  — 

6.    -6a?-yby 


=  +a  —  c,  it  follows 


Divide 

1.   -2^  by  +o 

3.   -**ybya£ 

5.  2^  by  -a 

7.  AM  by  a* 

82.  II.   Since 
that 


In  the  same  manner  it  may  be  shown  that 

-\-a  —  &  +  c  —  d  _     _a '•       b    ^c,d 

~  —  e  e       e        e        e"1 

and  generally  that  the  quotient  of  a  polynomial  by  a 
mononomial  is  obtained  by  dividing  each  term  of  the 
former  by  the  latter. 


-\-a  —  c 
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EXAMPLES. 


_       /y» 
^^  *v 


2.  ^_L  ±=^_f^_a2< 

aa? 

EXERCISES,  XVIII. 
Divide 


1.  48#*-  16^+24^  by 

2.  15a^-25fofy+85on/aby 
8.  w*tt#42/a—  wnVfy4  by  mnxy. 

4.  a2^m+fl-«^m+2n  by 

5.  5^y~1—Q£c-ly2  by  —  x~ly~l. 
6. 


83.  m.  Since   (a+6)  (c+d)  =  (a+6)  c+  ( 
ac+bc-\-ad-}-bd,  it  follows  that 

_  (a+b)c+(a+b)d 

"~    -  !     i  -    —  ~  C  ~T~  (I  « 


In  the  same  manner  it  may  be  shown  that 


x+l 

= 

^-12  _  2^  +  807-8^-12  _  2x  (x  +4)  -8  (x  +4) 


6^+4^-9^-6^+8^ 


2)  - 


And  so  generally  the  successive  terms  in  the  quotient 
may  be  determined  by  arranging  the  dividend  as  the 


40 


ELEMENTS  OF  ALGEBRA. 


sum  of  certain  quantities,  each  of  which  contains  the 
divisor  as  a  factor. 

Thus  in  the  last  example  the  dividend  is  arranged  as 
the  sum  of  2^  (8a?+2),  -8a?  (&&+2),  and  +  ( 
each  of  which  is  exactly  divisible  by  the  divisor 


84.  The  preceding  method  may  be  equivalently 
replaced  by  writing  the  dividend  and  divisor  according 
to  the  descending  or  ascending  powers  of  x  and  pro- 
ceeding as  follows  : 


Here  the  first  term  in  the  quotient  2^  is  obtained 
by  dividing  6^,  the  first  term  in  the  dividend,  by  3x, 
the  first  term  in  the  divisor.  The  first  term  in  the 
quotient  is  then  multiplied  into  3#+2,  giving  6x?-\-4;X?t 
and  this  subtracted  from  the  dividend  leaves  —  9#a—  8#+  2 
which  is  the  product  of  the  divisor  and  the  remaining 
terms  of  the  quotient. 

The  next  term  —  80?  will  be  obtained  in  like  manner 
from  3#2  and  - 


The  product  of  the  divisor  and  the  second  term  o: 
the  quotient  is  here  subtracted  from  —  9^  —  3#+2, 
leaving  3#+2,  which  must  be  the  product  of  the  divisor, 
and  the  third  term  of  the  quotient. 

The  third  term  of  the  quotient  +1  is  found  in  like 
manner  from  the  divisor  8#+2  and  the  last  difference 
,  thus, 

(+1 
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The  different  steps  in  the  preceding  process  may  be 
collected  and  arranged  as  follows  : 


80+2)  608-502-30+2  (2^- 
6a*  +402 


-90s-  80 
-90s-  60 


80+2 


Here  the  divisor  is  written  only  once,  and  two  terms 
only  of  the  first  difference  are  brought  down. 

85.  The  same  result  may  be  obtained  by  arranging 
the  dividend  and  divisor  according  to  ascending 
powers  of  x,  as  follows  : 

0)  2-80-502+603  (1-80+202 
2+80 
-60-50* 
-60-90* 

0s 


40a+608 

EXAMPLES. 

1.  Divide  04—  a4  by  0  —  a. 

0—  a)  04—  a4  (03+a02+a20+a? 
a?4— 


00s  —  a 


a80—  a* 
a80—  a4 

Here  —a4  is  not  brought  down  until  the  last  step 
2.  Divide  02+l+0~2  by  0-1+0-1 
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In  this  case  +1  may  be  considered  the  coefficient 
of  of,  and  therefore  the  terms  are  arranged  according 
to  the  descending  powers  of  #,  the  successive  indices 
being  2,  0,  -2. 


Here  the  third  term  of  the  quotient  x~l  is  the  quo 
tient  of  1  or  a;0  by  x. 


3.  Divide 


3a 

2* 

A     95  i 

?»  —  —  a?2  - 
40 

5^ 

i 

F 

3 

JL        3    A 

IT 

2 

c    g* 

5 

+^ 

-1 

-2a£ 

-2^ 

+  H 

"I 

4.  Divide  2a*- 


-6ab»-3a*b  by  2a- 


Here  we  shall  arrange  the  dividend  and  divisor 
cording  to  descending  powers  of  a. 
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r     1UV 


5.  Divide  rt4 


Here  the  dividend  will  be  arranged  according  to 
powers  of  «,  the  coefficients  of  «8  and  of  a  being  col- 
lected within  brackets. 


o+  3c-26)«4+  (3<;  -  2%3  -  (c3-f  i3)«  -  8c*+  2i(A  -  8 


EXERCISES,  XIX. 
Divide 


1.  2-8a?+a?»  by 

2.  10^+7^-8*+ 6  by 

3.  aj"+l  by  #+1, 

4.  2^-a-2+3li--9by  2a?-3. 

5.  6^+14^-4^+24  by 

67  ><^ Vil.'V*    1    £\ Q  ^» O  "1    1-k-tr  7  -v»       Q 
•     I  *v    ^^  ^*J  jtvix    ~f~  t/  O«-t.  ~"~  -u  JL    U  y     i  u7  ^~~  O  • 

7.  a^-1  by  a?-l. 
9.  a-4-  13a^  +  36  by 

101  Q  -2        -51 

1 1 .  a;6 + a-4  -  2  by  .r4  +  2.C2 + 2 . 

12.  ^8+2^6+3a-4+2^  +  l  by  a?4-2ar5  +  3a*2- 

5.  '»•" 4  7*      I     "7  7  /j«3 4  3  ^2 3  3  fr<    I    O7    VITT    1  /»2 

J-t-'«      4**^  •It'       I    •*'          ^    — ^    |~  ^  I     "J  V    ^tX/    — 

R  4  4 

14.  ar+a;-3  by  by  .r+a?"1. 

15.  2a^  —  3.*r  —  84-  7X-1  —  3a?~2  by  2a; + 1  —  Sa;^1 

16.  i/5  —  u~6  bv  v  —  v-\ 
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17.  a?- 


'  —  z  4-  x 


— i 


18.  a?  +64  by  a?+4a?+8. 


-4  by  a;+4a?+4. 


19.  #2+. 

20.  .r5  -f  2.i-4/ 

21  .  a*  -  //'  by  a3  -  2</2/;  -f  2«/,2  -  /A 

22.  rt4-3/;4-2//V  +  «2+Z/2  by  az 

23.  .T4-f  2??./12  —  ?>/2.r2-f  n2  by  ,r2-j-7?i 

24.  a2  -  /,2  -  r2  -  2Ar  by  ^  -  b  -  c. 

25.  a?*-f-wAu—  2»twa?-|-m*n—  na  by 

26.  ^4+2^2  +  9Mby  a2  +  2^  +  3 

27.  af-Sj-y-y*-!  by  x-y-1. 

28.  a,-8-    « 


-  a  V  -  2ay  -  3y*  by  ^  -  y\ 


29.  .i>3  +  ?/3  +  c3  —  3^?/^  by 

30.  .i-8-//  by  .r*-?A 

31.  ^3-/>2by  r/^"-^. 

32.  x*-y*  by  a?*~y^. 

33.  or  —  y  by  ^3  —  7/3. 

34.  ^2  +  2^-1+96-2  by  a- 

35.  j>2-2^7/~^4-2,r?/~:  -.^i/~^  by  ar^- 

36.  a*+a*b~*+b~%  b  ~ 

37.  ^-2a^  +  a8  by 

38.  a?—  4a? 

by  ^-2.^2/~ 


by  x-  - 


86.  When  there  is  no  exact  quotient  the  process  of 
the  preceding  Article  will  give  at  any  stage  a  quantity 
which,  multiplied  into  the  divisor,  and  added  to  the 
last  difference,  will  be  equal  to  the  dividend. 
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For  example, 


-2a?  4-7. 
Here  2a?(a?-2)  -2*+7=2a?a-6a?+7. 

If  the  process  be  continued,  the  next  term  of  the 
quotient  being  —2,  and  the  next  difference  3,  it  follows 
that 

(2a?-2)  (^- 


87.  The  statement  of  the  preceding  Article  is  true, 
no  matter  what  the  arrangement  of  the  terms  of  the 
dividend  and  divisor  is, 

Thus,  in  dividing  x*-  3^  +  4a?  -  7'a?  +6  by  a? 
we  may  proceed  as  follows  : 


-fa2 


If  we  stop  at  this  stage  of  the  process  it  will  follow 
that 


88.  When  the  dividend  and  divisor  are  arranged 
according  to  descending  positive  powers  of  the  same 
letter,  it  is  always  possible  to  continue  the  process  of 
division  until  the  leading  term  of  the  last  difference  is  of 
a  lower  degree  than  the  leading  term  of  the  divisor. 

The  last  difference  in  such  cases  is  called  the 
Remainder. 
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EXAMPLES. 

1.  Find  the  quotient  and  remainder  when 
-8#+14  is  divided  by  2o?+  3. 


Hence  the  quotient    =5.z2-4#+2,  and  remainder 
=  8. 

2.  Find  the  quotient  and  remainder  when  x*+px+q 
is  divided  by  x  —  a. 


— ax 


(a+p)x+q 
(a+p)x-a(a+p) 


a(a+p)+q. 
Hence  the  quotient   =  x  +  a  +  p,   and  remainder 


EXERCISES,  XX. 
Find  the  quotient  and  remainder  in  dividing 

1.  4^-4^+80+2  by  2L»+1. 

2.  a^+aa  by  0+#. 

3.  a!3  — «8  by  x+a. 
4. 

5. 
6. 
7. 
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HOKNER'S  METHOD  OF  DIVISION. 

89.  When  the  dividend  and  divisor  contain  integral 
powers  only  of  the  same  symbol,  and  the  coefficient 
of  the  first  term  of  the  divisor  is  unity,  the  quotient 
may  be  found  by  the  following  process,  which  is  the 
inverse  of  Multiplication  by  Detached  Coefficients. 

By  multiplication  the  product  of  Sar5  —  #  +  2  and 
a?— 2#+3  is  obtained  as  follows : 

3-1+  2 
1-2+  3 

8-1+  2 
-6+  2-4 

+  9-8+6 
8-7+13-7+6. 

Therefo  e  the  product  is  Sx*-7x?+13x*— 7#+6. 

Here,  since  the  sum  of  the  third,  fourth,  and  fifth 
horizontal  rows  of  coefficients  is  equal  to  the  sixth,  it 
follows  that  the  third  row  is  equal  to  the  sum  of  the 
fourth  and  fifth  with  their  signs  changed,  and  the 
sixth. 

Thus  3-7+13-7+6 

+6-  2+4 

-  9+8-6 
3-1+  2. 

_  Consequently  the  quotient  of  3^-7^+13^ 
divided  by  a?— 2#+3  may  be  obtained  as  follows. 


+  2 
-3 


3-7+13-7+6 
+  6-  2+4 
-  9+3-6 

3-1+* 
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In  forming  the  product  above  it  will  be  noticed  that 
the  diagonal  columns 

-6  +2  -4 

+9  -3  +6 

are  the  products  of  —2+3  and  3,  —  1,  +2,  respectively. 
Therefore  in  performing  the  inverse  process  of  finding 
the  quotient  the  diagonal  columns 

+6  -2  +  4 

-9  +3  -6 

are  the  products  of  +2  —3  and  3,  —1,  +2,  respec- 
tively. +  2,  —3  are  the  coefficients  of  the  second  and 
third  terms  of  the  divisor  with  their  signs  changed,  and 
are  written  vertically,  each  horizontally  opposite  the 
products  of  which  it  is  a  factor. 

Ex.  2.  Multiply  2.r2-3.r+2  by  tf-Zx+A,  and  divide 
the  product  by  ar5— 2#+4. 

2-3+  2 
1-2+  4 

2-3+  2 
-4+  6-  4 
+  8-12+8 


+2 

—  4 


2_7+16-16+8 
+4-  6+  4 
-  8+12-8 


2-3+  2 


Here  in  the  inverse  process  +2,  —4  the  coefficients 
of  the  second  and  third  terms  of  the  divisor,  with  their 
signs  changed,  are  written  in  a  vertical  line,  and  the 
products  of  these  and  the  successive  coefficients  of  the 
quotient  are  written  in  diagonal  columns.  The  first  co- 
efficient of  the  quotient  is  the  same  as  the  first  coefficient 
of  the  dividend,  the  coefficient  of  the  divisor  being  unity. 


Ex.3.  Multiply  3^  -  2x  +  5  by  a?  - 
the  product  by  a3—  2#a—  1. 


—  I  and  divide 
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3+0-2+5 

1-2+0-1 

3+0-2+5 
-6-0+4-10 
+  0+0-  0  +  0 
_3_  0+2-5 


+  2 
-0 

+  1 


3_6_2+6-10+2-5 
+  6+0-4  +  10 
_0-0+  0-0 

+8+  0-2+5 


3+0-2+5+  0+0+0 

Here  zeros  are  supplied  where  any  terms  are 
wanting. 

The  process  of  division  exhibited  in  the  above  ex- 
amples, as  the  inverse  of  multiplication,  is  called 
Homer's  Method  of  Division.  The  following  additional 
examples  will  exhibit  the  mode  of  conducting  the  vari- 
ous steps  in  the  process. 

Ex.  4.  Divide   2^  +  lx*  +  20^  +  30^+ 34#+  35   by 


2+7+20+30+34+35 
_4_  6-  8-14 
-10-15-20-35 


2+3+  4+  7+  0+  0 


Therefore  the  quotient  is 

-  Here  the  coefficients  of  the  dividend  are  written  in  a 
horizontal  line,  and  the  coefficients  of  the  divisor,  ex- 
cept the  first,  with  their  signs  changed,  in  a  vertical 
line.  The  first  coefficient  2  in  the  dividend  is  repeated 
below  as  the  first  coefficient  in  the  quotient,  and  the 
products  of  this  2  and  —2,  —5,  give  the  first  diagonal 
column  to  the  right  of  the  divisor,  namely, 


-4 


10 


50 
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The  sum  of  the  second  vertical  column  to  the  right 
of  the  divisor  gives  +3,  the  second  coefficient  in  the 
quotient,  and  the  products  of  this  +3  and  —  2,  —  5, 
give  the  second  diagonal  column, 


6 


15 


The  sum  of  the  third  vertical  column  gives  +4,  the 
third  coefficient  in  the  quotient,  and  the  products  of 
this  +4  and  -2,  -5,  constitute  the  third  diagonal 
column, 

—  8 
-20 

The  process  is  continued  in  this  manner  and  ceases 
when  the  last  product,  (in  the  above  case  —35,)  falls 
vertically  below  the  last  term  of  the  dividend. 

The  successive  coefficients  of  the  quotient  are  thus 
found,  and  as  the  first  terms  of  the  dividend  and  divisor 
are  of  the  fifth  and  second  order,  respectively,  the  first 
term  of  the  quotient  must  be  of  the  third  order. 

Therefore  the  quotient  is 


If  the  dividend  in  the  last  example  had  been 


that  is, 


and  the  divisor  the  same  as  before,  the  remainder 
would  evidently  be  —  #+4.  The  sucessive  coefficients 
—  1,  +4,  of  this  remainder  will  therefore  be  the  sums 
of  the  last  two  vertical  columns  in  the  following,  the 
process  being  conducted  as  before. 


-2 
-5 


2+7+20  +  30+33+39 
_4_.  6-  8-14 
-10-15-20-35 
-  1+  4 
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In  such  a  case  as  this  the  last  multiplier  for  forming 
the  diagonal  columns  will  be  the  last  coefficient  of  the 
quotient,  and  the  sums  of  the  vertical  columns  to  the 
right  of  this  multiplier  will  be  the  successive  coefficients 
of  the  remainder.  The  order  of  any  term  in  the  re- 
mainder is  the  same  as  that  term  of  the  dividend  in 
the  same  vertical  column.  Thus  in  the  last  example 
-1  is  the  coefficient  of  a?,  as  is  also  +33  in  the 
dividend. 

It  is  usual  to  draw  a  vertical  line  as  above  between 
the  coefficients  of  the  quotient  and  those  of  the  re- 
mainder. 


Ex.  5.  Divide  10x4-7^-19^  by  #-3. 

Here  the  places  of  the  coefficients  of  the  two  terms 
wanting  in  the  dividend  must  be  supplied  by  zeros. 


+  3 


10-  7-19+     0 
+  80+69  +  150 


+     0 

+450 


|  10+23+50  +  150  |  +450 

Therefore,  quotient  =  10*? +23^ +50,*?+ 150,  and  re- 
mainder =4  50. 

Ex.  6.  Divide  5^-18^-8^  +  20^-5  by a^+2^-3, 

In  this  case  the  place  of  the  term  wanting  in  the 
divisor  is  supplied  by  a  zero. 


5+  0-18 

-   8+20-5 

-2 

-10+20 

4 

+o 

+  o 

-  0+0 

+  3 

+  15-30+6 

|  5-10+  2  1  +  3-10+1 

Here  the  operation  of  forming  the  coefficients  of  the 
quotient  ceases  as  soon  as  the  last  product  +6  falls 
below  the  last  term  of  the  dividend.  A  vertical  line  is 
then  drawn  after  +2  the  last  multiplier,  and  the  sums 
of  the  vertical  columns  to  the  right  of  this  line  will  be 
the  successive  coefficients  of  the  remainder. 

D2 
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Therefore,      quotient  =  5#2  —  Wx  +  2,     remainder 


EXERCISES,  XXI. 

Divide  according  to  Homer's  Method 
1.  5^-4^-3^-90  by  ^-3. 


5.  17^5-15^4-304  by  a;-  2. 


7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 


by  ^2-7. 
5^-7^+15^-12^-86  by  a;2 
4^4-18^3-12^2+13^by  a?-  5. 
7.^+  19^-5^  by  a 
by  a*- 


MISCELLANEOUS   THEOEEMS. 

90.  Any  quantity  is  said  to  be  a  function  of  the 
symbol  or  symbols  involved  in  it. 


Thus  5x,  a?  —  l,  Sx9  —  o?+l,  x^  —  y^  —  x+y  are  func- 
tions of  a?,  the  latter  being  also  a  function  of  2/. 
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91.  A  function  of  any  quantity  x  is  denoted  by 
enclosing  x  in  a  bracket,  and  writing  before  it  any 
one  of  the  symbols  /,  (f>,  ty,  &c.,  either   alone   or 
affected  with  accents,  dashes,  or  subscripts. 

Thus  ./(#),  ./i(^),  /'(V),  /2  (a;),  <j>(x),  \l^(x)  denote  dif- 
ferent quantities  involving  x. 

92.  It  must  be  carefully  noted  in  this   notation 
that   such   symbols   as  /,    <£,    employed   before   the 
brackets  do  not  denote  numbers,  but  are  merely  short 
forms  for  expressing  the  words  quantity,  expression, 
or  function  involving.     Such  a  symbol,  therefore,  as 
f(y)  must  not  be  confounded  with  the  product  of 
/  and  y. 

93.  If  a  certain  quantity  involving  x  be  denoted  by 
f(x),  then  the  value  of  the  same  quantity  when  x—a 
is  denoted  by  /(#). 

Thus,  if  f(x)     =a?-5aj"+10,  it  will  follow  that 

~ 


f(b)     =  &3- 
/(-</)=  -2/3 

=cc-5c4+10, 


/(I)     =1-5  +  10  =  6, 
/(-8)=  -27-45  +  10=  -62, 
/(O)     =10, 

and  so  on. 

EXAMPLES. 


1.  If  /(a?)=a?-2a;+3  and   0(^)  =  2o;8-3aj2-5,    find 
the  value  of  /(l)+<^>(2). 
Here  /(!)  =  !  -2+  3  =  2, 


Therefore 
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2T-P   -f ( fv* \  —  £J/y»2 O /?»-?/   I   <j>2    -h-nn    f  I'M 1 
•      IX      /  I  i*/  I  — —  tltX/    ^^  ^it/t/  W  ^^  W    }    JJ.JLLvl    /  !  W  I  • 

Here/(i/)  will  be  the  value  Sar5  —  2xy+yz  when  for  a? 
we  write  ^/. 

Therefore  f(y)  —  5yz  —  2y* + ^/2  =  4?/2. 


8.  If  fi(x)=x*-2xy- 
the  value  of  /2  (#)  -/x  (y). 


Therefore 


1. 
2. 
3. 
4.  If 


5.  If  /1( 

-/!  (1). 

6.  If      x 


EXEECISES,  XXII. 

-10,  find/(2). 
a-20,  find/(-3). 
^-l,  find  /(|). 

,   and  <j>(y)=  3y*- 


=  «2-62-c2,  and 


=x  —  2y—z,  and 


94.  If  it  be  required  to  express  in  the  above  nota- 
tion that  a  quantity  involves  two  letters,  as  x  and  y, 
we  employ  the  symbol  /(a?,  y).  In  such  a  case  the 
value  of  the  quantity  when  x=a,  and  y=b  is  written 
f(a,  1). 

Thus,  if  f(x,  y)  =  2af—ay+Sif,  then 


95.  When  the  divisor  contains  the  first  power  only 
of  the  symbol  according  to  whose  powers  the  dividend 
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and  divisor  are  arranged,  the  remainder  may  be  found 
without  actual  division  in  the  following  manner  : 

Let  f(x)  denote  the  dividend,  ax-}-  b  the  diviscr,  Q 
the  quotient,  and  E  the  remainder,  which  in  this  case 
will  not  contain  #,  because  the  divisor  involves  only  the 
first  power  of  ;r. 

Then,  since  the  product  of  the  quotient  and  divisor 
added  to  the  remainder  is  equal  to  the  dividend,  we 
have 


Now  since  this  equality  holds  always,  it  will  be  true 

when  x  has  the  value   --  ,  in  which  case  Qtax+V) 

a 

will  vanish,  because  one  of  its  factors  becomes  zero, 
and  R  will  remain  the  same,  because  it  does  not  con- 
tain x. 


('-)=* 

\a/ 


Hence  /l- 

and  therefore  the  remainder  is  the  value  of  the  dividend 
when  x  has  the  value  which  makes  the  divisor  vanish. 

EXAMPLES. 

1  .  Find  the  remainder  when  a?  —  3x*  +  2x  —  1  is  divided 
by  or-  2. 

Here         ^-3^+2^-7=  Q(x-2)  +  R, 

and  since  this  is  true  for  all  values  of  x  it  will  be  true 
when  #=2,  in  which  case  we  have 

23-3x22+2x  2-7  =  0+.R 
.'.£=8-12+4-7 

_  _  rr 

2.  Find  the  remainder  when  8^+12^  —  4^—5  is 
divided  by  2^+3. 

Here  f(x)  =  8x3  +  1  2^  -  4#  -  5  ,  and  x  =  -  f  makes  the 
divisor  vanish. 


=  -27+27  +  6-5 
=  1. 
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3.  Find  the  remainder  when  xn  —  an  is  divided  by 
a,  n  being  an  integer. 

Here  R  =  (  —  a)n  —  an,  the  first  term  of  which  is  —  an, 
or  -\-an,  according  as  n  is  odd  or  even;  therefore 
R=  —  2«n,  or  0,  according  as  n  is  odd  or  even. 

Thus  x  —  a,  x9  —  a3,  a?  —  a6,  x7  —  a7  have  remainders  —  2a, 

—  2a3,  —  2«5,  —  2a7,  respectively,  when  divided  by  x+a; 
whilst  a?  —  a?t  #4  —  a4,  x*  —  a&  are  exactly  divisible  by 
x  +  a. 

4.  Show  that  (&+c  —  #)  (c+a  —  b)  (a+b  —  c)+8abc  is 
exactly  divisible  by  a-\-b+c. 

Here  the  dividend  may  be  denoted  by  /(a),  and  since 

—  b  —  c  when   substituted    for   a  makes   the   divisor 
vanish, 

K^f(-b-c)  =  (b+c  +  b+c)(c-b-c-b)(-b-c+b-c) 
+  8bc(-b-c) 


=0. 

EXERCISES,  XXIII. 

Find  without  actual  division  the  remainder  after 
dividing 


2.  6^-5^+lCb-lOO  by  a?-8. 

3.  18^-27^+40  by  3#-4. 

4.  8^-16^-12tf-10by2a;+ 

5.  x7+a7  by  #+«. 

6.  #5—  a5  by  a;  —  «. 

7.  ^-f-fl9  by  #  —  «. 

8.  a*-(a+l)  07+2^-1  by  x-a 

9.  Prove  that  (6  —  c)  as+(c  —  a)bs+(a—b)  c8  is  exactly 
divisible  by  a+b+c. 

10.  Prove   that   a2(&2  +  c2  -  a2)  +  62(c2  +  a2  -  62)-J-c* 
—  c2)  is  exactly  divisible  by  a 


ELEMENTS  OF  ALGEBRA.  57 

96.  The  value  of  any  quantity /(a?)  when  x=a  may 
be  determined  by  finding  by  actual  division  the  re- 
mainder when/(#)  is  divided  by  #— a. 

For  the  value  required  is/(«),  and  this  by  Art.  95 
is  the  remainder  when  /  (x)  is  divided  by  x  —  a. 

Thus  the  value  of  or  -  lx + 9  when  x  =  5  is  52  -  7  x  5  +  9 ; 
but  the  remainder  when  or2  — 7^+9  is  divided  by  x  —  5 
is  also  52  — 7  x  5  +  9.  Hence  the  value  required  may  be 
determined  by  finding  the  remainder  by  actual  division. 

EXAMPLES. 
1.  Find  the  value  of  a8— 4#+3  when  a? =8. 

Here  the  value  required  will  be  the  same  as  the 
remainder  when  a?  —  4.1-+3  is  divided  by  x  —  3. 


3 


1  +  0-4 

+  3+9 


+   3 

+  15 


I  1  +  3+5  |  +18 
Therefore  18  is  the  value  required. 

2.  Find  the  value  of  5^-4^+3^-4^+^+4  when 
x=  —4. 


-4 


5-   4+   3-     4+       1 
_  20 +  96 -396 +  1600 


+       4 
-6404 


|  5-24  +  99-400  +  1601  |  -6400 
Therefore  —  6400  is  the  value  required. 

3.  Find  the  value  of  x*— 102#5+100#4+102arJ- 
)1#  when  a?=101. 

1-102+100+102-  99-201     +     0 
101       +101-101-101  +  101  +  202     +101 


I  1_      i_     1+  '1+     2+     1  |  +101 
Therefore  101  is  the  value  required. 
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EXEKCISES,  XXIV. 

Find  the  value  of 

1.  7x4-llx*+x-5Q,  when  x  =  2. 

2.  5#3-2^2  +10^-28,  when  a?  =4. 

3.  a5-  190?  -121,  when  a^-3. 

4.  #5-98tf4-98arJ-100.F2+98#+100,  when  #=99. 

5.  2^  +  40U-4  -  199^  +  399^  -  602a?  +  211,    when 
.r=-201. 

,  when  a?=  111. 


6. 

7.  of  —  4#8  —  2a^,  when  #=  —4. 

8.  72o£  —  48#,  when  a?=  —  £. 

9.  1000^-81^,  when  ^=O.L 


97.  Although  the  arrangement  of   the   terms  or 
factors  of  a  quantity  is   arbitrary  and   does  not  affect 
its  value,  it  will  be  found  useful  in  some  cases  to 
prefer  one  arrangement  to  another.     Whenever,  for 
example,  the  parts  of  an  expression  are  analogous  to 
each  other,  corresponding  letters  involved  should  be 
arranged  in  the  order  of  the  alphabet,  the  last  of  the 
letters  being  followed  in  order  by  the  first. 

Thus  if  a,  b,  c  be  the  letters,  a  will  be  followed  by  6, 
b  by  c,  and  c  by  a,  in  the  same  manner  as  if  they  were 
arranged  on  the  circumference  of  a  circle. 

98.  Quantities  arranged  according  to  this  law  are 
said  to  be  written   in    alphabetical   circular  order. 
The  following  are  examples  of  its  application. 


Ex.  1.  a+b+c;   -a-b-c; 


X' 
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It  will  be  observed  that  corresponding  parts  have 
like  signs. 

Ex.  2.  av+by+cz;  a?x+b*y+c*z',  -+-+-. 

x     y    z 


Ex  3.  abc  I  —  j-j-H  —  |=  be  +  ca  -\-ab. 
\a     b     c  / 

In  the  latter  form  it  will  be  observed  that  the  first 
factors  of  the  three  terms  are  b,  c,  a,  and  the  second 
factors  c,  a,  b,  and  that  the  first  term  does  not  contain 
a,  the  second  does  not  contain  6,  and  the  third  does 
not  contain  c. 

Ex.  4.  The  quantity  a*(b-c)  -62  (a-c)  -c2  (b-a) 
may  be  arranged  in  the  more  symmetrical  form  «2  (b  —  c) 
-\-tf(c  —  a)  +c2  (a  —  b)  in  which  the  corresponding  parts 
follow  each  other  in  alphabetical  circular  order. 

Ex.  5.  a(b-c)z+b(c-a)*+c(a-b)\ 
Ex.  6.  (bz-cy)*+(cx-az)z+(ay-bx)*. 

Here  the  first  part  does  not  involve  a  or  x,  the  second 
part  does  not  involve  b  or  ?/,  and  the  third  part  does 
contain  c  or  z. 

99.  When  we  know  the  letters  involved  in  a  quan- 
tity which  can  be  arranged  according  to  the  above 
method,  we  can  infer  one  part  from  another,  and 
therefore  may  write  the  first  part  only  and  leave  the 
rest  to  be  inferred. 

Thus  the  quantities  in  Exs.  4  and  5  may  be  written 
a2  (b  —  c)  +  &c.,  and  a  (b  —  c)2+  &c.,  respectively. 


Thus  also  —  (b*  —  c*)  +  &c.  may  stand  for 

5l(C2_a2)  +  ^a2 

zx  xy 
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100.  In  the  same  manner  as  an  is  used  to  sym- 
bolise the  product  of  n  &'s,  +n  and  —n  may  be 
employed  to  denote  combinations  of  n  +  signs,  and 
n  —  signs,  respectively. 

Thus,  (-a)8=  -3  «3=  -a8;  (-a)2=  -2  0?=  +#2;  and, 
generally,  if  n  be  a  positive  integer,  so  that  2n  is  an 
even  integer  and  2?i-fl  an  odd  integer, 

(  _1_  %Yn  —  ••  _  Zn3?n= 


Thus  also  we  may  write  +2+8=+5= 
=  —  ;  —  8—  e=—  8=+;  and,  generally, 

_j_m  i  n__    i  m+n  . 


8—  4—  7 


_  TO  _  »__  _ 


101.  By  assuming  this  Law  to  hold  for  all  values 
of  m  and  n,  positive  or  negative,  integral  or  fractional, 
we  would  be  thus  enabled  to  extend  our  notation  for 
representing  the  designative  elements  of  quantities 
by  the  introduction  of  such  signs  as  +S  —  ¥,  &c. 
We  would  be  thus  led  to  the  mode  of  representing 
imaginary  quantities,   the  discussion  of  whose  pro- 
perties is  beyond  the  scope  of  this  Treatise. 

102.  Also,  if  the  Law  hold  for  zero  values  of  m 
and  n,  it  will  follow  that  +°=  +  =—  °« 


For  -f°-}-2  =  +2=  +  )  and  +.+2=  +  ; 
therefore  +°=4-. 

Again,  -°-3=-3=-;  and+-8=~; 
therefore  —  °=  +• 

Thus(+a?)°=+?a;0=+l;  (-o;)0= -^°= 
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INVOLUTION. 

103.  The  process  by  which  the  power  of  a  poly- 
nomial is  expressed  as  the  sum  of  a  series  of  mono- 
nomials    is    called   Involution,    and    the    power    so 
expressed  is  said  to  be  developed,  or  expanded. 

104.  In  the  following  Articles  we  shall  give  the 
method   of  effecting  the   development   or   expansion 
when  the  index  of  the  power  is  2,  3,  4,  —1,  or  —  2. 

105.  The  expansion  of  the  square  of  any  quantity 
is  most  easily  obtained  by  the  method  already  given 
in  Art.  72.     The  two  following  modes,  however,  of 
arranging  the  results  given  by  that  method  will  be 
found  useful. 

106.  I.   In  this  method  the  various  parts  of  the 
expansion  will  be  written  in  horizontal  rows.     In  the 
first  row  occurs  the  square  of  the  first  term  of  the 
given  quantity  whose  square  is  to  be  developed.     In 
the  second  row  the  product  of  twice  the  first  term 
added  to  the  second  and  the  second.     In  the  third 
row  the  product  of  twice  the  first  term  added  to  twice 
the  second  term  added  to  the  third  and  the  third. 
And  so  on. 

EXAMPLES. 
1.  (a+b)*=     a2 


2.  (&-<?)  = 

3.  a+6+c2=     a* 
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4.    a_6_c2  = 


5. 


From   this   mode    of  arrangement  is  deduced   t 
inverse   process   for   extracting   the    square    roots    of 
quantities. 

EXERCISES,  XXV. 

Develop 

1.  (#-2/)a.  2.  (2#-3?/)2.  3.  ( 

4.  (20-36-c)2.  5.  (yz+zx+xy). 

6.  (2^-1-fo;-1)2.  7. 

8.  (a,_y+*_l)i.  9. 

10.  (a#. 


the 


107.    II.    The   second   method   of  arranging  the 
development  will  be  evident  from  the  following 


EXAMPLES. 


2. 
3. 


i24-  26c 


108.  The  development  of  the  cube  of  a  quantity 
willbe  determined  by  multiplying  its  square,  written 
according  to  the  second  method  given  above  by  the 
quantity  itself. 

'=     a(a+b)* 
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Here  the  two  parts  of  the  development  are  arranged 
in  horizontal  rows,  the  corresponding  parts  being 
placed  below  each  other  in  alphabetical  circular  order. 

2. 


Here  the  three  parts  of  the  development  are  arranged 
in  horizontal  rows,  the  corresponding  parts  being  placed 
below  each  other  in  alphabetical  circular  order  as 
before.  In  taking  the  last  step,  the  second  and  third 
columns  are  combined  into  one,  and  the  terms  in  the 
fourth  column  are  added  together,  giving  Qabc. 

8. 


(c2+  d?+  a2) 


-\-2da 


64 


ELEMENTS  OF  ALGEBRA. 


109.  From  the  above  examples  we  can  deduce  the 
following  rule  for  the  development  of  the  cuhe  of  any 
quantity  containing  three  or  four  terms. 

The  cube  of  any  quantity  is  equal  to  the  sum  of  the 
cube  of  each  term,  and  three  times  the  square  of  each 
term  multiplied  by  the  sum  of  the  other  terms,  added 
to  six  times  the  sum  of  the  products  of  every  three 
terms. 

The  above  Rule,  although  deduced  for  quantities 
containing  not  more  than  four  terms,  is  nevertheless 
true  for  the  development  of  the  cube  of  a  quantity 
containing  more  terms  than  four. 

110.  The  cube  of  a  binomial  may  also  be  put  in 
the  following  convenient  form  : 

(a-b)B=  a3-63-  3ab(a-b\ 


EXERCISES,  XXVI. 
Develop 

1.  (y+z)s.             2.  (2a-3b)3            8.  (2a2+8)3 

4.  (^-2)3.            5.  (2^+3^/2)3.          6.  (1-a 

7.  (tf-l+ar-1)8.  8.  (a?+2-a?-a)8. 

9.  (i_a.+y_3)8.  10.  (bc  +  ca  +  ab)3. 


111.  The  results  given  by  the  Rule  of  Art.  109 
may  also  be  arranged  according  to  the  method  o/  the 
following  examples,  in  which  the  various  parts  are 
arranged  in  horizontal  rows. 

1.  (a+b)*=     a9 


2. 


=     a3 


+  (3  « 
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8.  (a+b+c+d)*=     a3 


=  &c. 
4.  (2^-a;+8)3=     (2^)3 

-x) 


+  (3  .  2^~^2  +  9  .  2oJ^r-f  9)(3)  =  &c. 

From  this  mode  of  arrangement  is  deduced  the 
inverse  process  for  extracting  the  cube  root  of  a 
quantity. 

EXERCISES,  XXVIL 

Develop 

1.  (x+y)*  2.  (x-y}*  8.  (a-bj. 

4.  (x-y-z)*.  5. 

6. 


112.  The  fourth  power  of  a  polynomial  is  found 
by  squaring  its  square. 
Thus 


EXERCISES,  XXVIII. 
Develop 

1.  (1-a)4.  2.  (x-yy.  3.  (1- 

4.    a*- 


113.  The  development  of  the  negative  integral 
powers  —1,  —2  of  polynomials  may  be  effected  by 
expressing  them  as  the  reciprocals  of  the  correspond- 
ing positive  powers. 

EXAMPLES. 

1.  Develop  (1+a?)-1. 

Here  (l+x)-l=  —  -  ,  and  if  1  be  divided  by  1-f-o?  the 
J.  ~j~x 
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quotient  will  be  1— x-\-oP— a^-f  &c.,  and  the  remainder 
will  depend  on  the  stage  at  which  we  stop  dividing. 
The  quotient  1  —  x+sfr  —  a?-f-&c.  is  then  the  develop- 
ment of  (l-ftf)*1;  but  it  must  be  carefully  observed 
that  such  developments  do  not  express  the  exact  values 
of  the  powers  unless  the  remainders  be  taken  into 
account.  Thus  in  the  present  example  if  we  stop  at 
— a?  in  the  quotient,  we  shall  have 

rf 


If  we  stop  at  -f$4  in  the  quotient,  we  shall  have 

a8 


and  so  on. 

2.  Develop  (l-#)-2. 

Here  (1  -*)-»=  -  --  —    =  1 


by  actual  division.     If  we  stop  at  4#3  in  the  develop- 
ment, the  remainder  will  be  5^ 


EXERCISES,  XXIX. 
Develop  to  four  terms 
1.    1-a?-1.  2.    1+tf2-1.  3. 


4  K    1  +  2^+3^ 

1-a?'  1+0^  (l+o?)*   ' 


EVOLUTION. 

114.  The  process  by  which  the  root  of  a  polyno- 
mial is  expressed  as  the  sum  of  a  series  of  monono- 
mials   is   called   Evolution,   and   the  root  when  so 
expressed  is  said  to  be  extracted. 

115.  In  the  case  of  the  square  and  cube  roots  the 
extraction  can  be  effected  by  processes  the  inverse 
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of  those  given  in  Involution  for  the  development  of 
the  squares  and  cubes  of  polynomials. 

We  shall  consider  in  the  first  instance  the  method 
of  extracting  the  square  -root  of  a  quantity. 

116.  Since  the  square  of  a  quantity  is  equal  to 
the  square  of  the  same  quantity  with  its  sign  or 
signs  changed,  it  will  follow  that  there  will  be  two 
square  roots,  one  being  derived  from  the  other  by  a 
change  of  signs. 

Thus  since  (-f«)2=  (-«)2=rt2,  it  follows  that  the 
square  root  of  a2  is  -fa,  or  —  a.  These  two  values  may 
be  represented  by  the  symbol  +#,  the  two  signs  being 
combined. 


Again,  since  (a-b)*  =  (-a+&)2  =  a*-2ab+bz,  it  fol- 
lows that  the  square  root  of  a2  —  2a6-f£2  is  a  —  b,  or 
-a-f6. 

In  the  following  articles  we  shall  only  determine 
the  root  whose  first  term  is  positive. 

117.  In  the  process  of  Art.  106,  the  successive 
terms  of  the  quantity  to  be  squared  occur  as  factors 
of  the  several  products  written  in  the  horizontal 
rows,  and  therefore,  in  extracting  the  square  root  of 
such  a  development,  the  successive  terms  of  the 
square  root  may  be  found  by  arranging  the  given 
development  in  the  form  of  such  successive  pro- 
ducts. 


Thus  «2 
from  which  arrangement  we  infer  that  the  square  root 

£2 


Ex.  2.  4- 


Therefore  the  square  root  of  4  — 
Ex.  3.  a?- 


is  2  — 


+  (2a-b)(-b) 
a-26-c)  (-c) 


Therefore  a—  6  —  c  is  the  square  root  of  a2— 


118.  The  preceding  process  may  be  more  con- 
veniently replaced  by  the  following  equivalent  one  in 
which  the  successive  terms  of  the  square  root  are 
written  as  they  are  obtained  to  the  right  of  the  quan- 
tity whose  square  root  is  required. 


Ex.1. 


Here  the  first  term  a  is  the  square  root  of  the  firs 
term  of  the  given  quantity  from  which  its  square  a2  is 
subtracted  leaving  2a6+62.  The  second  term  b  is 
obtained  by  dividing  the  first  term  2ai  of  this  remainder 
by  2rt,  double  the  term  already  found ;  b  is  then  added 
to  2a  forming  the  complete  divisor  2a-}-&,  and  this 
.multiplied  by  b  gives 


Ex.  2. 


120s +90* 
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Ex.8.        aa-2a&+62-2ac+2&c+c2  (a-6-c 


Here  the  first  two  terms  a  and  —b  are  found  as  be- 
fore. The  third  term  —  c  is  obtained  by  dividing  —  2ac 
by  2a,  the  second  divisor  being  formed  by  doubling 
a—  b,  the  part  of  the  root  already  found,  and  adding  to 
it  —  c.  The  third  term  —  c  is  then  multiplied  into  the 
second  divisor  2a  —  26  —  c  giving  the  product  —  2ac 


In  the  same  manner  a  third  divisor  would  be  formed 
by  doubling  the  three  terms  of  the  square  root  pre- 
viously found  and  adding  the  fourth  term  ;  and  so  on. 

It  will  be  observed  that  the  successive  terms  of  the 
root  and  the  successive  divisors  correspond  to  the 
factors  of  the  development  of  the  square,  when  arranged 
according  to  the  method  of  Art.  106. 

Ex.  4.  o;4 


4aa-12a?-f.4 

1  _JL 

Ex.6.        i#4-#2-*H-4#   2+4ar- 


T      I      y, 
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119.  In  the  foregoing  examples  the  process  of 
extraction  terminates,  and  the  quantity  whose  root  is 
extracted  is  said  to  be  a  perfect  square.  When  the 
same  process  is  applied  to  a  quantity  which  is  not  a 
perfect  square,  a  result  is  obtained,  the  square  of 
which,  added  to  the  last  difference,  is  equal  to  t' 
given  quantity. 

For  example,  let  the  process  be  applied  to  find  the 
square  root  of 


If  the  process  be  stopped  at  this  stage,  it  will  follow 
that 


120.  Care  must  be  taken  to  arrange  the  given 
quantity  according  to  ascending  or  descending  powers 
of  some  one  letter  ;  otherwise  the  process  may  not 
terminate,  although  the  quantity  be  a  perfect  square. 

For  example,  in  finding  the  square  root  of  4#4  4-4^+1 
let  the  quantity  be  arranged  in  the  order 
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By  proceeding  in  this  manner  we  would  get  a  series 
of  terms  in  the  root,  the  square  of  which  added  to  the 
last  difference  would  be  equal  to  4#4+4#2+l.  Thus  if 
we  stop  at  the  second  term  of  the  root  we  have 


EXERCISES,  XXX. 
Extract  the  square  root  of 

1.  4^+40^+^.  2.  4a2-12a&+96a. 

z 

4. 


. 
4 

5.     a4+2a262+6*.  6. 


7.  4a?-4a?+l.  8.  a? 

9.  9aa-12a6+24«c-166c+462+16c3. 

10. 

11. 

12.  xzn-2pxn+p*. 

13.  x-~ 


3n 

14.  o2*  +  2^2  +  (p2  +  2^)  x 

15.  25a8+  20a563  -  30a4 

121.  We  now  proceed  to  the  method  of  extracting 
the  cube  root  of  a  quantity. 

The  process  of  extracting  the  cube  root  of  a  quan- 
tity is  the  inverse  of  that  given  in  Art.  Ill  for  the 
development  of  the  cube,  and  may  be  conducted  as  in 
the  following  examples,  in  which  the  several  terms  of 
the  root  after  the  first  are  obtained  by  dividing  the 
first  terms  of  the  successive  remainders  by  the  first 
terms  of  the  several  divisors. 
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Ex.l. 


a9 


Here  the  first  term  a  of  the  root  is  the  cube  root  of 
a*.  The  second  term  b  is  the  quotient  of  3a?b  by  3aa, 
the  first  term  of  the  divisor  being  three  times  the 
square  of  the  first  term  of  the  root.  The  second  term 
of  the  divisor  is  three  times  the  product  of  the  first  and 
second  terms  of  the  root,  and  the  third  term  of  the 
divisor  is  the  square  of  the  second  term  of  the  root. 


Ex.  2. 


a? 


-27. 


Ex.  8. 


-     a? 


The  second  divisor  is  equal  to  3(o^— a?)2+3(ic2— a?) 
(  — 2)+(  — 2)a,  the  first  part  of  which  is  three  times  the 
square  of  the  part  of  the  root  previously  found.  The 
first  term  8#*  is  divided  into  —  6o?4  giving  the  quotient 
—  2,  the  third  term  of  the  root,  and  the  remaining 
parts  of  the  second  divisor  3  (xz— #)(  —  2)  and  (  —  2)2  are 
then  formed,  and  the  divisor  is  complete. 

122.  When  there  are  four  terms  in  the  root  the  third 
divisor  is  formed  by  adding  together  three  times  the 
square  of  the  sum  of  the  first  three  terms  of  the  root, 
three  times  the  product  of  that  sum  and  the  fourth 
term,  and  the  square  of  the  fourth  term  of  the  root* 
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Ex.4.  a?-6a£+12a?*+a?-86a?*+86a?*+27a?-54a?*+27 


54^+27 
36^+  36^ 
54^+27. 


It  will  be  observed  that  the  successive  terms  of  the 
root  and  the  successive  divisors  correspond  to  the 
factors  of  the  development  of  the  cube,  when  arranged 
according  to  the  method  of  Art.  111. 

EXEECISES,  XXXI. 
Extract  the  cube  root  of 

1.  1  +  6^+12^+8^.  2.  27^-54^+360-8. 

3.  8«3-  84^+294^-343^. 
4. 
5. 
6. 


THE  GREATEST  COMMON  MEASUEE. 

123.  A  quantity  is  said  to  be  of  so  many  dimen- 
sions, in  any  letter,  as  are  indicated  by  the  index  of  the 
highest  power  of  that  letter  involved  in  it. 

Thus  a?y  is  of  2  dimensions  in  a?,  and  of  1  dimension 
in  y;  ^  —  2^+3  is  of  3  dimensions  in  x;  a^  —  ^  —  1  is  of 
f  dimensions  in  x\  x~ly^-\-aix~zy  is  of  —1  dimension 
in  a?,  and  of  2  dimensions  in  y. 

124.  By  the  phrase  total  dimensions  is  meant  the 


greatest  sum  of  the  indices  of  the  powers  involved  in 
any  one  term. 


Thus  the  total  dimensions  of  a^+So^are  5,  and  th» 
the  total  dimensions  of  x~lif-{-x~zy  are  2. 

125.  When  the  total  dimensions  of  each  term  of  a 
quantity  are  the  same,  the  quantity  is  said  tobe&owo- 
geneous. 

Thus  the  quantities^2 
-j-?/4,  are  homogeneous. 

126.  Any  quantity  can  be  rendered  homogeneous 
in  form  by  introducing  proper  powers  of  some  symbol, 
as  ?/,  whose  numerical  value  is  1,   as  factors  of  the 
several  terms. 

Thus  #2—  3^+2  and  x3—  3x*+3x—  1  may  be  written 
in  the  homogeneous  forms  x*—  3xy+Zif  and  Xs—  3x*y 


127.  The  dimensions  of  any  term  of  a  quantity 
are  said  to  be  the  same  as  the  dimensions  of  the 
quantity. 

Thus,  though  the  dimensions  of  —  2#2,  considered  by 
itself,  are  2,  yet  as  a  part  of  the  quantity  #4—  2#2+3  its 
dimensions  are  4,  as  also  are  the  dimensions  of  the 
third  term  -f  3.  So  also  the  dimensions  of  every  term 
of  2tf3-#2+2.£-l  are  3. 


128.  This  language  is  adopted  in  the  use  of  the 
word  dimensions,  in  order  that  our  Algebraical  phra- 
seology may  accord  with  that  of  Geometry  in  those 
cases  where  Algebraical  symbols  are  taken  to  represent 
Geometrical  magnitudes. 

Thus  the  quantity  2#+5,  if  x  be  taken  to  represent 
a  line,  will  have  no  meaning  unless  +5  also  represents 
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a  line,  that  is,  unless  the  terms  2#  and  +5  have  the 
same  Geometrical  dimension.  Again,  the  quantity 
a?+5x—3,  if  #2  be  taken  to  represent  an  area,  will 
have  no  meaning  unless  -f  6#  and  —3  also  represent 
areas,  that  is,  unless  the  terms  -f-5#  and  —3  have  the 
same  Geometrical  dimensions  as  a,-8 ;  and  the  quantity 
or5— 3#+2,  if  x&  be  taken  to  represent  a  volume,  will 
have  no  meaning  unless  —  3x  and  +2  also  represent 
volumes,  that  is,  unless  the  terms  —  3#  and  +2  have 
the  same  Geometrical  dimensions  as  a/-8,  namely,  length, 
breadth,  and  thickness.  The  preceding  phraseology 
where  the  dimensions  are  1,  2,  or  3  is  then  extended  to 
quantities  of  any  dimensions  whatsoever. 

129.  A  whole  expression  or  quantity  is  one  which 
involves  powers  with  positive  indices  (including  zero), 
and  integral  coefficients  only. 

Thus  -So8,  ^-2a;+3,  6^-5^+7^- 10^  +  9  are 
whole  expressions,  as  are  also  all  positive  and  negative 
integers,  since  they  may  j)e  considered  as  coefficients 
of  the  zero  power  of  any  symbol. 

130.  When    two  or  more  whole    expressions  are 
multiplied  together,  each  is  said  to  be  a  measure  of 
the  product,  and  the  product  is  said  to  be  a  multiple 
of  each  factor. 

Thus  3,  x,  and  &+1  are  measures  of  3x?-\-3x  ;  5,  #3, 
x  —  1, 2/+l>  and  y  —  1  are  measures  of  5^  (#  — 1)  O/2  — 1)> 
and  these  products  are  multiples  of  each  of  their  re- 
spective factors. 

131.  A  quantity,  therefore,  cannot  be  considered  a 
measure  or  a  multiple  of  another  unless  it  be  a  whole 
expression. 

132.  Also  to  get  a  multiple  or  measure  of  a  quan- 
tity, we  must  multiply  or  divide  it  by  some  whole 
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expression,  and  the  product  or  quotient  so  obtained 
must  also  be  a  whole  expression. 

133.  The  greatest  measure  of  a  quantity  is  the 
quantity  divided  by  +1,  or  —  1,  that  divisor  being 
taken  which  will  make  the  first  term  of  the  quotient 
positive. 

Thus  the  greatest  measure  of  5#—  8  is  5#—  3,  and  of 
3  is  fc^- 


134.  The  least  multiple  of  a  quantity  is  the  quan- 
tity multiplied  by  +1,  or  —1,  that  multiplier  being 
taken  which  will  make  the  first  term  of  the  product 
positive. 

Thus  the  least    multiple  of  x—  4  is  a?—  4,  and  of 
is  5o?+2x-l. 


135-  When  one  quantity  is  a  measure  of  two  others 
it  will  measure  the  sum  and  difference  of  any  mul- 
tiples of  these. 

To  prove  this  proposition,  let  the  quantities  be 
denoted  by  flt  /2,  /3;  and  let  /j  measure  /2  and  /3,  so 
that  f<i=afi  and  /8=fc/i,  where  a  and  b  are  whole 
expressions. 

Take  any  multiples  m/2,  nf3,  of/2,  /3,  ra  and  n 
being  any  whole  expressions  whatsoever.  Then  since 
m/2=wo/i,  and  nf^=nbfl,  we  have 

mf*  ±  nf  ~  mafi  ±  ribf-L  =  (ma  ±  rib)  fi. 

Therefore  /x  is  a  measure   of  m/2±n/3,    because 

ma±nb  is  a  whole  expression;  and  the  proposition  is 

proved. 

EXAMPLES. 


1.   —  2#2  which  is  a  measure  of  6^*  and  —  S^/ will 
measure  the  sum  of  any  multiples  of  these,  as  6#3(  —  2xy) 

(*-!> 
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For  this  sum         =  -  12^  -  8aty  (a;  -  1) 


Hence  —  2#2  is  a  measure  of  the  sum  because  the 
factor  6x*y  -\-kxy  —  4y  is  a  whole  expression. 

2.  07  —  1  is  a  measure  of  a?2  —  1  and  3?  —  1,  and  will 
therefore  measure  (^  —  1)  (  —  3#)  —  (a8  —  1) 

For  this  difference 


Hence  a;—  1  is  a  measure  of  this  difference,  because 
(x+  1)  (—  .r2—  4#—  1)  is  a  whole  expression. 

136.  "When  one  quantity  is  a  measure  of  two  or 
more  others,  it  is  said  to  be  a  common  measure  of 
those  quantities. 

Thus  2o?  is  a  common  measure  of  4^  and 

137.  The  greatest  common  measure  of  two  or  more 
quantities  is  the  common  measure  of  highest  dimen- 
sions and  greatest  numerical  coefficient  or  coefficients. 

Thus  2,  x,  2x  and  2#2  are  common  measures  of  4ar* 
and  6#2?/,  but  2#2  is  their  greatest  common  measure. 

138.  We  shall  consider  the  process  for  finding  the 
G.  C.  M.    in  the    three    following    cases,    namely, 

I.  When  one  of   the    quantities  is  a  mononomial. 

II.  When  the  two  quantities  are  polynomials,  neither 
of  which  has  a  simple  factor.     III.  When  the  two 
quantities  are  polynomials,  one  or  both  of  which  have 
simple  factors. 
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139.  I.  The  G.  C.  M.  of  two  mononomials  will  be 
obtained  by  multiplying  the  G.  C.  M.  of  the  numeri- 
cal coefficients  by  the  least  power  or  powers  of  the 
different  symbols  that  occur  in  both  the  quantities. 


Thus  the  G.  C.  M.  of  12#  and  16x*  is  4#  ;  of  Wxzyz 
and  15#t/V   is   5xyz;    and  of  Sa^c2   and   8ab*cz    is 


140.  The  G.  C.  M.  of  a  mononomial  and  a  polyno- 
mial will  be  the  G.  C.  M.  of  the  former  and  the 
mouonomial  of  greatest  numerical  coefficient  and 
dimensions  contained  in  the  latter. 


Thus  the  G.  C.  M.  of  Qtfyz  and  9a?y*z-9zifz,  or 
(x—y),  is  the  G.  C.  M.  of  6o?yz  and  9xy2z,  that  is,  3xyz. 


EXERCISES,  XXXII. 

Find  the  G.  C.  M.  of 

1.  12«#2  and  16aV.  2.  Qaa&f  and 

3.  lOafy8*4  and  15ajy«a.        4.  a&cu*v  and  3a?buv*w. 

5.  4«68  and  12a--ba;—8aPy. 

6.  3icw 


141.  The  G.  C.  M.  of  two  polynomials  involving 
powers  of  some  one  letter  neither  of  which  contains  a 
simple  factor,  is  obtained  by  a  succession  of  steps 
similar  to  the  following,  in  which  a  multiple  of  the 
G.  C.  M.  is  found  of  less  dimensions  than  either  of 
the  given  quantities. 

Let  A  and  B  be  the  given  polynomials,  the  dimenj 
eions  of  A  being  not  greater  than  the  dimensions  of  B. 
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Multiply  B,  if  necessary,  by  a  number  a  in  order  to 
make  its  first  term  a  multiple  of  that  of  A,  and  proceed 
as  follows  : 

A)  <*B  (b 

bA. 


Here  b  is  the  first  term  of  the  quotient,  and  0,  the 
first  difference,  is  of  less  dimensions  than  B. 

Now  C  being  equal  to  «B  —  &A,  or  the  difference  of 
two  multiples  of  A  and  B,  is  a  multiple  of  all  the 
common  measures  of  A  and  B,  and  therefore  of  their 
G.  C.  M. 

Also  every  common  measure  of  C  and  A  is  a  measure 
of  C  +  &A,  or  «B,  and  therefore  of  B,  because  A  has  no 
simple  factor. 

Hence  the  G.  C.  M.  of  A  and  B  is  the  same  as  the 
G.  C.  M.  of  A  and  C.  Also  if  C  =  cD.  where  c  is  the 
product  of  all  the  simple  factors  in  C,  the  G.  C.  M.  of 
A  and  D  is  the  same  as  the  G.  C.  M.  of  A  and  C,  and 
therefore  of  A  and  B. 

Hence  the  problem  is  reduced  to  finding  the  G.  C.  M. 
of  A  and  D. 

These  two  quantities  A  and  D  are  then  treated  in 
precisely  the  same  manner  as  A  and  B,  and  the  pro- 
cess is  continued  until  it  terminates  as  follows,  when 
the  last  divisor,  P  (suppose),  is  a  measure  of  the  last 
dividend,  Q. 


!? 

o 

The  problem  is  thus  finally  reduced  to  finding  the 
G.  C.  M.  of  P  and  Q,  or  rP.  *  This  is  evidently  P  itself. 

Hence  the  last  polynomial  divisor  in  the  above  pro- 
cess will  be  the  G.  C.  M.  required. 
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142.  It  will  be  noticed  in  the  preceding  process 
that  mononomial  factors  which  are  also  whole  ex- 
pressions are  introduced  only  when  necessary  t  and 
suppressed  when  possible. 

The  manner  in  which  the  process  is  conducted  will 
be  exhibited  in  the  following 


EXAMPLES. 
1.  Find  the  GK  C.  M.  of  ^+2#-3  and 


8J 


Here  3#+9  is  the  difference  of  the  given  quantities, 
and  therefore  a  multiple  of  their  G.  C.  M.  Also  since 
3#+9  contains  3  as  a  factor,  its  other  factor  #+3  must 
be  a  multiple  of  the  G.  C.  M.,  which  contains  no  simple 
factor  because  the  given  quantities  do  not.  The  G.  C.  M. 
will  therefore  be  the  same  as  the  G.  C.  M.  of  #+3  and 
#2+2#  —  3;  and  as  the  former  is  a  measure  of  the 
latter  the  G.C.M.  Will  be  x+S  itself. 


2.  Find  the  G.C.M.  of^+Sa 


x 
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Here  #+1  is  the  difference  of  the  sedbnd  quantity, 
and  x  times  the  first;  and  is  therefore  a  multiple  of 
their.  G.  C.  M.  The  G.  C.  M.  of  the  given  quantities  is 
therefore  the  G.  0.  M.  oi  x+l  and  &+2x+l,  that  is, 


3.  Find  the  G.C.M.  of  2^-7^—2  and  2#a—  #-6. 

+1 


— x  —2 
2 

-2#— 4 
—  #— 6 


3a;— 6 

&B-6 

vr.C.M.^-2. 

Here  we  first  find  #*— #—2  a  multiple  of  the  G.C.M. 
of  less  dimensions  than  2ar*— 7#^-2;  so  that  the 
G.C.M.  required  is  the  G.C.M.  of  2#2-#-6  and 
#2— #  —  2,  which  is  the  same  as  the  £r.  C.  M.  of 
2#2— a;— 6  and  2(#2— a?1—  2).  The  partial  quotients  #, 
+  1  of  2^—7^—2  and  2#2—2#— 4  divided  by  2rc2— #— 6 
are  separated  by  a  comma  to  distinguish  them  from 
parts  of  an  ordinary  quotient.  At  the  next  step,  we 
find  ~#-{-2  a  multiple  of  the  G.  C.  M.  of  less  dimen- 
sions than  2#2— 2#— 4;  so  that  the  G.C.M  required  is 
the  G.C.M.  of  2a;2— a?— 6  and  —#+2,  which  is  the 
same  as  the  G.C.M.  of  2#2— x— 6  and  #—  2,  that  is, 
a?— 2,  because  2#2— #— 6  is  a  multiple  of  #— 2. 

4.  Find  the  G.C.M.  of  7#2-23tf+6  and  5^- 
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x-Q 
7 


tfi,  U 


llx    +47#-42 
__  17 


66 


~76>-  76a;+228 


G.C.M.=o?-3. 


Here  the  second  given  quantity  is  multiplied  by  7  in 
order  to  make  its  first  term  a  multiple  of  the  first  term 
of  7^2—  23#-f6,  and  the  process  is  conducted  as  before. 


5.  Find  the  G.C.M.  of  14a4-  35^+4^—  12o;+5  and 

5 

2 


28^-70^+42^—1050; 
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15 
17 


ay,  4 


-  255 

-  17 


136.r3-2074#+4335 
136.T2-  324;e-     40 


?-  10 


Here  4#8—  10^+6^—  15  i&  multiplied  in  the  second 
step  by  17,  in  order  to  make  its  first  term  a  multiple  of 
the  first  term  of 


143.  The  process  of  the  preceding  examples  will 
frequently  enable  us  to  find  the  G.C.M.  of  polyno- 
mials involving  powers  of  different  letters,  as  in  the 
following 

EXAMPLE. 

Find  the  G.C.M.  of  2x*+xy-3yz  and  3x*- 
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Here  the  suppression  of  the  factor  —  lly  cannot 
affect  the  G.  C.  M.,  which  contains  no  simple  factor. 

144.  When  the  preceding  method  fails  we  must 
introduce,  when  necessary,  and  suppress,  when  possible, 
polynomial  factors,  provided  they  are  not  common  to 
the  given  quantities.  The  reasoning  is  analogous  to 

that  of  Art.  141. 

EXAMPLE. 

Find  the  G.  C.  M.  of 


—  a-2#-l  and 


-  (6+2)  # 


a 


—  (a+b)  (— 2  (a+b) 


'-(„-< 

ax 


2a?-l 


Here  the  suppression  of  the  factor  —(a+b)  which  is 
evidently  not  a  measure  of  either  of  the  given  quanti- 
ties, will  not  affect  their  G.  C.  M. 

EXERCISES,  XXXIII. 
Find  the  G.  C.  M.  of 

1.  #2—l  and  x*— x— 

2.  x*+2x-3  and 

S1&  _  1      QT1/1     T&  __  , 
.     «/(/    ~~  X    cvJ-LLL   •*'    ^^  • 

5.  2xz-}-x  —  3  and  Sx2— 

6.  x*  —  1  and  o^+^2— ®  — 

7.  3^2  -  22# + 32  and  ar5  - 

8. 
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9.  tf4 

10.  3^-38^+119  andarJ-19arJ+119#-245. 

11.  9^+  53^-9^-18  and#2+lLr+30. 

12.  2ar5+orJ-8.z+5  and  7#a-12#+5. 

13.  aj4-2*58+4a?-6a?+8  and  af-a?- 

14.  20^+a;2-!  and 

15.  2^  +  9^+4^-15  and 

16.  ^+5^+6  and  #4+40.r+39. 

17.  3^-20x2+15^+2  and  #4- 

18.  x*  —  a4  and  a?  —  bx?  —  a?x-\-azb. 

19.  o?+z*y+xy+y*  and  #4—  y*. 

20.  aP+x^+tfy+y*  and  a;4-^. 

21.  5^+26^+33y2  and 

22.  Sx*  -  x^y*  -  2i/4  and 


145.  in.  The  G.  C.  M.  of  two  polynomials,  in- 
volving simple  factors,  is  the  product  of  the  G.  C.  M. 
of  the  simple  factors  and  the  G.  C.  M.  of  the  polyno- 
mial factors. 

EXAMPLES. 
1.  Find  the  G.  C.  M.  of  8^+12^+4  and  6^2-6^-12. 


Here  the  given  quantities  are  equivalent  to 
4  (2^+3^+1)  and  6  (#2-o;-2).  The  G.  C.  M.  of  4 
and  6  is  2,  and  the  G.  C.  M.  of  2#2+3#  +1  and  a8—  a?—  2 

is 


Therefore  the  G.  C.  M.  required  is  2  (x+1). 

2.  Find  the  G.  C.  M.  of  20afy+104;ry+132ary  and 


The  first  quantity  is  equal  to  4oty 
and  the  second  quantity  to  fixf  (lx*+l$xy—  6t/2). 
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The  G.  C.  M.  of  the  simple  factors  is 
compound  factors  is 


,  and  of  the 


Therefore  the  G.  C.  M.  required  is  2xy 


EXERCISES,  XXXIV. 

Find  the  G.  C.  M.  of 

1.  24#2-40.r+16  and  24<rJ-24#2-6#+6. 


2. 

3.  4a 
-Sooty8. 

4.  2«6 


and 


and 


-atf  and 


146.  The  G.  C.  M.  of  three  quantities  is  the 
G.  C.  M.  of  any  one  and  the  G.  C.  M.  of  the  other 
two. 

Thus  whatever  measure  is  common  to  the  three 
quantities  A,  B,  C,  must  plainly  be  common  to  A  and 
the  G.  C.  M.  of  B,  C. 


EXAMPLES. 
1.  Find  the  G.  C.  M.  of  4a^a3s, 


The  G.  C.M.  of  4<w/8sa  and 
G.  C.  M.  of  2^2  and  Wy*z  is  Zasyz. 


,  and  Saftfz. 
is  2xyz*-t  and  the 


Therefore  the  G.  C.  M.  required  is 
2.  Find  the   G.  C.  M.    of    0*-l, 


-3,    and 


The  G.  C.  M.  of  x*-l  and  a^+2^-3  is  x*-l  ;  and 
the  G.  C.  M.  of  x*-l  and  2^+2^+3^+3  is  a?-f  1,  thfi 
G.  C.  M.  required. 


ELEMENTS  OF  ALGEBRA.  87 


EXERCISES,  XXXV. 

Find  the  G.C.M.  of 

1.  ^+^-30,^+11^+30;  and  a?  -a?  -42. 

2.  6^-^-2,  21aja-17a?+2,  and  15^+5aj- 

3.  12a2+7a&-1062,    10a2+20&-8Z>2,   and 


4. 

5.  arJ+3^+3tfi/2+2/8,  tf3+#22/+^2+#3,  and 


6.  ^-9^+29^-39^+18,  4^-27^  +58^-39,  and 


THE  LEAST  COMMON  MULTIPLE. 

147.  The  L.  C.  M.  of  two  or  more  quantities  is  the 
common  multiple  of  lowest   dimensions    and  least 
numerical  coefficient  or  coefficients. 

148.  To  find  the  L.  C.  M.  of  any  two  quantities 
A  and  B. 

I.  If  they  contain  no  common  measure  except  unity, 
their  L.  C.M.  is  plainly  their  product. 

Thus  the  L.  C.  M.  of  4a  and  56  is  20a6. 

II.  If  they  have  a  G.  C.  M.,  let  it  be  C;   so  that 
A=aC  and  B  =  &C,  where  a  and  b  are  two  whole  expres- 
sions having  no  common  measure. 

Then  the  L.  C.  M.  of  A  and  B  is  the  L.  C.  M.  of  aG 

and  bC,  that  is  abC. 
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Therefore  the  L.  C.  M.  of  two  quantities  is  equal  to 
one  of  them  multiplied  by  the  quotient  of  the  other 
divided  by  their  Gr.  C.  M. 


149.  In  the  case  of  two  mononomials  the  L.  C. 
may  be  obtained  by  multiplying  the  L.  C.  M.  of  the 
numerical  coefficients  by  the  greatest  power  or  powers 
of  the  several  letters  involved  in  the  given  quantities. 


M. 


EXAMPLES. 

1.  The  L.  C.  M.  of  6#  *yz*  and 

2.  Find  the  L.  C.  M.  of  #4-l  and 


s 


The  G.  C.  M.  of  these  quantities  is  a2— 1 ;  and  the 
quotient  of  #4  — 1  divided  by  #2— 1  is 


Therefore  the  L.  C.  M.  is  ( 

3.  Find  the  L.  C.  M.  of  4^— 4xy-8y»  and  6x*- 


The  G-.  C.  M.  is  2  (#+2/),  and  the  quotient  of  6^— i 
divided  by  2  (x+y)  is  3  (x— y]. 

Therefore  the  L.  C.  M.  is  3  (x— y)  (4^— &xy— 

EXERCISES,  XXXVI. 
Find  the  L.  C.  M.  of 
1.  12#2&2c  and 

8.  6  (x*y—xy!i)  and  16  (x*—y*)* 
4. 


6.  12#a-#-l  and  6a;2- 

7.  8^-5o?+2  and  4^-40^-^1. 
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150.  The  L.  C.  M.  of  three  quantities  is  the  L.  C.M. 
of  any  one,  and  the  L.  C.  M.  of  the  remaining  two. 

Thus  the  L.  C.  M.  of  the  three  quantities  A,  B,  C,  is 
the  L.  C.  M.  of  one  of  them,  as  A,  and  the  L.  C.  M.  of 
B,C. 

The  L.  C.  M.  of  four  quantities  is  the  L.  C.  M.  of  any 
one,  and  the  L.  C.  M.  of  the  remaining  three. 


EXAMPLE. 
Find  the  L.  C.  M.  of  ^-1,  a»-l,  and  a4- 

TheL.C.M.of  a?-l  and^-l  is  (a1  -1)  («>+»+  1); 
and  the  L.  C.M.  of  (x*-l)(x*+x+l)  and  aj*-2a?«+l 
is  (a?+x+l)  (a*—  20*4-1). 

EXERCISES,  XXXVII. 
Find  the  L.  C.M.  of 

1.  2;r2i/2z,  6zyz*,  and  Stfyz?. 

2.  ^+^-80,^+11^+30;  and^-ar~42. 

3.  #2-l,  7#2+5.r-2,  and  7#2-5#-2. 

4.  12a2+7a&-10fr2,  15a2  +  2a&-8&2,  and  15a2  +  5o$ 
-1062. 

5.  a^-4,  a^+8,  2^+3a;-2,  and  2#2-3#-2. 

6.  21^+  8^  -  47/2,  49o?2-  4j/2,  21^  -  20#i/+4i/8,  and 


FEACTIONS. 

151.  When  one  quantity  is  not  exactly  divisible  by 
another,  the  quotient  is  represented  by  writing  them, 
in  the  form  of  a  fraction. 
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Thus  the  quotient   of   +«  divided  by  —  b  is 

—  b 
and  the  quotient  of  o^--3#+l   divided  by  a?—  8  is 


152.  Hence,  conversely,  the  product  of  such  a 
fraction  and  its  denominator  is  equal  to  its  nume- 
rator. 


Thus  = 


153.  A  fraction  is  not  altered  in  value  by  multiply- 
ing or  dividing  the  numerator  and  denominator  by 
the  same  quantity.  For,  m  being  any  quantity,  we 
have,  by  the  previous  Article, 


( 


—  mo 


That  is,  -  ~  is  equivalent,  as  a  factor,  to 


mo 

-\-ma 

—  mb 
And  so  for  other  fractions. 


-b9 


—b 


154.  A  fraction  which  involves  powers  with  negative 
indices  or  fractional  coefficients  in  the  terms  of  the 
numerator  or  denominator,  can  always  be  reduced  to 
one  whose  numerator  and  denominator  are  whole 
expressions  by  multiplying  the  numerator  and  deno- 
minator by  a  proper  quantity. 
a?- 


Thus, 


*~~ 


;  is  reduced  to  the  equivalent 

~2 
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fraction        .        4  —  ~,  by  multiplying  numerator  and 

denominator  by  6x*. 

In    like    manner,   by   using   the   multiplier  pqxy*, 


IB 


••-,,       aqoP  —  bpif 
reduced  to  -  --  . 


EXERCISES,  XXXVIII. 

Reduce  to  fracfions  whose  numerators  and  denomi- 
nators are  whole  expressions 

-    y 

3.     j 

' 


.——. 
'  ax+by' 

ax  — 


5. 


155.  A  fraction  is  said  to  be  in  lowest  terms  when 
its  numerator  and  denominator  contain  no  common 
measure. 

A  fraction,  therefore,  is  reduced  to  lowest  terms  by 
dividing  its  numerator  and  denominator  by  their 
G.  C.  M. 

EXAMPLES. 


1.  Eeduce  —  -  -  to  lowest  terms. 

oao  —  ao2 

Here  ab  is  the  G.C.M.  of  a?b*  and  a26-a62;  therefore 

the  reduced  fraction  is  —  -  . 

a  —  b 

2.  Eeduce  —    0    f~    to  lowest  terms. 

or5  —  1 

The   G.  C.  M.    of   numerator    and    denominator   is 
at?  -\-x-\-\-,  therefore  the  reduced  fraction  is  - 
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EXEBCISES,  XXXIX. 
Eeduce  to  lowest  terms 


1. 

4. 
6. 
8. 


2. 


3. 


Qbcyz 


—  abzyz* 


abyzzz 


a-4  — 


7. 
9. 


x-y 


p*  -f  mpq  —  mqz  —pq 


2xz  -\-2xy  -\-x-\-y 
a?  -  Sab  +  ac 


12. 


13. 


156.  Fractions  are  said  to  be  like  or  unlike  accord- 
ing as  they  have  the  same  or  different  denominators. 


unlike 


7V       f  f  'T*  x*?y 

Thus  -  ,  -  are  like  fractions,  and  — -  ,  — ~ 
z     z  x  —  L    y  —  l 

fractions. 

Unlike  fractions  are  reduced  to  like  fractions  by 
multiplying  the  numerator  and  denominator  of  each 
by  the  respective  quotients  of  the  L.  C.  M.  of  the 
denominators  divided  by  the  several  denominators. 

EXAMPLES. 

a          c 

1.  Eeduce  -  and  -  to  like  fractions. 
b          d 

Here  the  L.  C.  M.  is  Id,  and  the  quotient  of  this 
divided  by  b  is  d,  which  is  the  multiplier  for  the  first 

fraction. 


_          a       ad 
Hence  -  =  — . 
b       bd 


c       be 

in  like  manner  -  =  —= . 
d      bd 


_    _    ,        a-\-b       _  a  —  b 

2.  Beduce  — :  and  — rr  to  like  fractions. 


a  —  b 


a+b 
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The  L.  C.M.  of  the  denominators  is  a2—  62,  the  quo- 
tients of  which  divided  by  a  —  b  and  a+6are  a-\-b,  a^b, 
respectively. 

Therefore  a~±^  -  ("+*)(«+»)  _  «2 

J.HCi.eiUlU  —     :  -r—  ;         —  —  .     - 


. 

a  —  o       (a—  o)(a+&)  a2  —  o2 

a-6  _  (a-b)(a-b)  _  a2- 


8.  Eeduce  -  ,  —  -  —  ,  and  -.  —  -  to  like  fractions. 
x  —  y    x-\-y  x*—y* 

The  L.C.M.  of  the  denominators  is  #4—  y4,  the  quo- 
tients of  which  divided  by  x  —  y,  x+y,  and  x*  —  y*  are 
«*  +  afy  +  #2/a  +  X/8*  x*  —  a?y-\-xif  —  yz,  1,  respectively; 
therefore  the  equivalent  like  fractions  are 


EXERCISES,  XL. 
Reduce  to  like  fractions 

1.  -,    -.  2.1,   1,   1. 

1          2 


6. 

7. 

ft 

be       ca 
1 

aft  ' 
1 

«—  1*    a;+l* 

Q/v«                             ^/T*3 

>»            O***                  t*«*/ 

g 

x*-l'    (, 
2         3 

5 

1               1 

>                   H 

**7         «//  —"  ~  X 

1 

*-!' 

—  c)  (6  —  a)  '    (c  —  a)  (c  —  6.)  * 

157-  To  find  the  sum  of  two  or  more  like  fractions* 

A      B 

Let  the  two  fractions  be  -^r  >    TT"  • 

A  B 

Then  since  7^-.  C = A,  and  7^.0=6,  it  follows  that  the 

\J  V 
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A  T>  A 

sum  of  7^-.C  and  •7T.  C=A+B.     But  the  sum  of  -,   .  C 
\j  **j  \j 

T> 

and  -^.  C  is  equal  to  the  product  of  C,  and  the  sum  of 

A        ,  B    ^ 

—  and  -p-  >  that  1S> 

/"         * A       ,  B\ 

Cxi  sum  oi  ^  and  -~- 1  = 

V.  ^  C  / 

.A       ,B       A+B 
Therefore  the  SMW  of  -^  and  -^  = 

(j  O  \j 

In  like  manner  may  the  sum  of  three  or  more  like 
fractions  be  obtained. 

Hence  the  sum  of  any  number  of  like  fractions  is  a 
like  fraction  whose  numerator  is  the  sum  of  their 
numerators. 


--  ,  -        . 

Thus    the   sum  of  -  and  -  is 


So  also  the  difference  between  two  like  fractions  is 
a  like  fraction  whose  numerator  is  the  difference 
between  their  numerators. 


_    y.y   _L 

Thus   the    difference    between  —    and 


158.  Addition  and  Subtraction  of  unlike  fractions 
are  performed  by  reducing  the  unlike  to  like  fractions-, 
and  proceeding  as  in  the  previous  Article. 

159.  The  process  may  be  conducted  by  introducing 
the  signs  +  and  —  to  denote  Addition  and  Subtrac- 
tion, these  signs  being  combined,  according  to  the 
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Pistributive  Law,  Art.  27,   with   the   signs  of  the 
numerators  of  the  fractions  which  they  precede. 

a  —  b        +  a-\ b  a  —  b        —a 6 


Thus 


c—d  c—d  c—d  c—d 


-a+b  t      x-y    _        x-y    _       -x+y 
~ 


Since  also  a  fraction  is  not  altered  hy  multiplying 
numerator  and  denominator  by  —  1,  it  follows  that 
a  —  b        —  a+b  a  —  b 

c  —  d          d  —  c  d  —  c- 

Conversely,  we  have  -^  =  +  ~x+a  =  +     x~a 

b—y  b-y          -b+y 

.  x  —  a 
s=  +  _  —  , 

y-b 
Thus  also, 


(a  —  b)(a  —  c)         (a  —  b)  (a  —  c) 

f(6-a)(a  *" 

160.  Sums  and  differences  of  fractions  when  ex- 
pressed as  fractions  are  said  to  be  simplified. 

EXAMPLES. 

1.  Simplify  — —+ — ^-. 
x-y    x+y 

The  L.  C.  M.  of  the  denominators  is  x*— y*. 
Therefore  — — + 


x+y 


OF  ALGEBRA. 


2.  Simplify  2- 


a 


The  L.  C.  M.  of  the  denominators  is  ab  (aa 

Therefore 

,^ 


^  b)  (a  -  c)     (6  -  c)  (6  -  «)      ( 


The  L.  C.  M.  of  the  denominators  is  (b  —  c)  (c  —  a) 
(a— 6),  and  the  multipliers  for  the  several  fractions 
are,  therefore,  —(b  —  c),  —  (c •—  a) ,  —  (a — 6),  respectively; 

«. 

Therefore 


a^b)  (a  —  c)     (b  —  c)  (b  —  a)     (c<-a)(c  — 


(6—  c)  (c—  «)  (a—  i)     (c—  a)  (a—  6) 

EXERCISES^  XLI. 
Simplify  the  expressions 


1.  ^-^. 
4. 


2.   fL-.. 

Qcd 
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X               L-^-X  Q 
— •»       •{/« 


10.     «    +    «  .+    *   •   11.      *  3  8 


-j ,  •  3«  —  46_j2a—  7>  —  c  ,  15«— 4c 


15.  al 


7  3  12 


b 


a' 


16       _|_  17  , 

'  "~%  ' 


^.Q    6  -^  c  .  c  —  a  .  a  — 

10.  —  -  —  TJ-  -  --j-  —  - 

be         <;a        ao 


19. 


4(l-#)a     8(1-^)     8(l+a?)     4 

n3n  />«2/i  1 

21.    ^__-^  f__- .-±__+     A 

_,  -J  »•  I  -<  M  ^1 


'    /          iT\   *  \    7  \    i 


d-^)  (a-c)  (a? -a)     (6-c)  (6-a)  (a;- 


(  —  a)  (c— 6)  (#— c) 

a 
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161.  Since  a  whole  expression  may  be  considered 
as  a  fraction  whose  denominator  is  unity,  the  sum  or 
difference  of  a  whole  expression  and  a  fraction  may 
be  expressed  as  a  fraction ;  and,  conversely,  a  fraction 
may  sometimes  be  expressed  as  the  sum  of  a  whole 
expression  and  a  fraction. 


EXAMPLES. 


1.  2^-= 


x 


2.  3a-l-f 


x 


X 


90* 


—  1     a/*2  — 


x—  1     x*— 


b      b 


—  07+1 


__2rr_1 


a?3  — 


Here  the  numerator  2#2— #— 2  is  the  remainder  when 
— 3  is  divided  by  x*  — 


EXERCISES,  XLII. 
Find  the  fractions  equivalent  to 


1.  ?+?-2. 

-}/  SY» 

W  ft/ 

/y»«  ^^ 

3«i                  JL 
.    0?— , 


x-y 


5. 


2.  ^+-4-—. 
to     co;2 


4.    &M-1 

6. 


ELEMENTS  OF  ALOES  I!  A.  DO 

Eeduce  to  the  sum  of  a  whole  expression  and   a 
fraction 


7          -  Q       --  9 

~ 


10 

' 


2  -8 
a5—  a+5 


12 


162.  To  find  the  product  of  two  or  more  fractions. 

A    C 

Let  there  be  two  fractions  _ ,  __. 

Then  since  - B  =  A,  and      .D=0,  the  product  of 

B  D 

A        C 

the  four  quantities—-,  B,— .,  D  is  equal  to  AC,  that  is 
B        D 

£.   £..  BD=AC. 


A     C      AC 

Therefore  _-.    ^^=. 


B      D      BD 

In  like  manner  the  product  of  three  or  more  fractions 
may  he  found. 

Hence  the  product  of  any  number  of  fractions  is  a 
fraction  whose  numerator  is  the  product  of  their  nume- 
rators, and  denominator  the  product  of  their  denomi- 
nators. 

163.  The  case  of  the  product  of  a  fraction  and  a 
whole  expression  is  included  in  the  preceding  Article 

r   O 

G  .4 
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hy  considering  the  whole  expression   as  a  fractioi 
Whose  denominator  is  unity. 

EXAMPLES. 


2. 


a     a  -  6      a  (a—  6)      «  — 6 


q     I  q 

O.    I  O  — 


EXERCISES,  XLIII. 
Find  the  product  of 

x  y  n     a+bx       (a+xj 


1, 

3. 
5. 
6. 

7. 


a  —  b 

'    aa-f-afe" 
rt^2       18cxy*      az  —  aa 


cfi  —  x*  '    ac-\-bcx' 


4. 


m2  — mn+n2 


m3  — 3mn(m  — n)  — n3' 


a*+f 
a73  +  2^27/  +  2^2+?/s      a?  — 


Simplify 
9.  fc+ 


L°* 


a-b 


a;  +  y" 
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<?(    x>  \ 

i8l'     -  —  *  I. 

cP\x  —  a          / 

12. 


-         •  8 

or  —  a?  \x-\-a        J       x*-\-cP 


J 

is.  (1+  _«_ 

\        1—  a; 


14       i- 


164.  Since  the  quotient  of  one  fraction  divided  by 
another  is  the  fraction  which,  multiplied  by  the  latter, 
is  equal  to  the  former,  it  follows  that  the  quotient  of 
one  fraction  divided  by  another  is  the  product  of  the 
former,  and  the  reciprocal  of  the  latter. 

AOADAD,  ADCA 


Hence  also  to  divide  a  fraction  by  a  whole  expres- 
sion we  must  multiply  its  denominator  by  the  latter. 

A      n_  A      °       A    1        A 
5  F"      =F"T:=B-C":~BG* 

EXAMPLES. 

2  2 


2 


xy        x^+y*'  x  —  y 
(a?  -  y2)  ^y  ___  xy*  (x  +  y)        (gj- 

~ 
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Divide 


EXERCISES,  XLIY. 


1.  X~y  bv*+y 

t7 


2. 


by 

•       ~2     I         I. 


a 


x—y 


4. 


(a-b)3  ,          «3-68 
^3 — 1    by 

MB  ,.  »0  ** 


(b-c)(c-a)        (c-a)(g-b) 
a—b  b—c 


.         a 

by  ^— > 


x2-xy+f 


7. 


by 


Simplify 
8. 


9. 


«*+  b2 


a- 


—  ab 


SUKDS. 


afe  -}- 


165.  Those  roots  of  quantities  of  which  the  nu- 
merical values  cannot  be  exactly  expressed  are  called 
irrational  quantities  or  surds 

Thus,  for  example,  A/2,  A^5,  A^7  are  surds. 


166.  When  a  surd  is  combined  by  Addition,  Sub- 
traction, Multiplication,  or  Division  with  a  whole 
number  or  a  fraction,  evidently  the  exact  value  of  the 
combination  cannot  be  expressed.  Such  quantities 
are  also  called  surds. 

Thus,  for  example,  3+^2,  5-V3,  7^4,  i  \Klti 
are  surds. 
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167.  The  quantity  under  the  radical  sign  is  called 
the  base. 

Thus  2  is  the  base  of  ^2,  and  5  of 


168.  The  number  which  expresses  the  root  to  be 
extracted  is  called  the  radical  Index. 

Thus  2  is  the  radical  index  of    V  5,  and  3  is  the 
radical  index  of  5 


169.  A  surd  whose  radical  index  is  2  is  called  a 
quadratic  surd,  and  one  whose  radical  index  is  3   a 
cubic  surd. 

170.  Similar  surds  are  those  which  have,  or  can  be 
made  to  have,  the  same  base  and  the  same  radical 
index. 

Thus  5\^2  and  3^2  are  similar  surds;   whereas 
V  4  and  A^I  are  dissimilar  surds. 


^ 

171.  Since  a=an=  V  an,  it  follows  that  any  rational 
quantity  can  be  expressed  in  the  form  of  a  surd. 

Thus  2=  ^23=  ^8  and  5= 


172.  When  the  radical  index  of  a  surd  is  the  pro- 
duct of  two  or  more  integers,  the  radical  sign  and 
index  may  be  equivalently  replaced  by  a  combination 
of  radical  signs  and  indices. 

1  1    ]_  I/       ~£7~^  P/         g/   - 

Thus  ^=rf*=(rf9«=  V  V"=  V  Va. 
In  like  manner  v'  a  may  be  written  in  the  equiva- 
lent forms  \/  A/  Wt,  *$  \J 
Thus 


=*  V 
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173.  Since  aVb=abn=(<*>nbY  =  vVb,  it  follows 
that  a  rational  multiplier  of  a  surd  may  be  brought 
under  the  radical  sign  by  multiplying  the  base  by 
the  rational  factor  raised  to  the  power  indicated  by 
the  radical  index. 


Thus  5     2  = 


"=  >/50; 


174.  Conversely,  a  surd  whose  radical  sign  is  n  can 
be  reduced  to  another  whenever  the  base  is  a  multiple 
of  a  complete  nth  power. 

Thus    V/48=Vl*x~3=4V'3;     V60= 
2Vl5; 


. 

175.  Since  Va=an=amrt=7^,  it  follows  that 
the  radical  index  may  be  multiplied  by  a  factor,  if  the 
base  be  raised  to  the  power  indicated  by  that  factor. 

Thus 


176.  Conversely,  a  surd  whose  radical  index  is  mn 
can  be  reduced  to  one  whose  radical  index  is  »,  if  th< 
base  of  the  former  is  an  exact  nth  power. 

Thus    ^9=  V^SJ  ^8=  ^2""=  Via;   ^16  = 


177.  A  surd  is  said  to  be  in  its  simplest  form  when 
the  base  is  neither  a  power  indicated  by  any  measure 
of  the  radical  index,  nor  a  multiple  of  a  power  indi* 
cated  by  the  radical  index. 

Thus  ^6  is  in  its  simplest  form  because  6  is  neither 
an  exact  cube  nor  a  multiple  of  art  exact  cube ;  $  10 
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is  in  its  simplest  form  because  10  is  neither  an  exact 
square,  cube,  or  sixth  power,  nor  a  multiple  of  an 
exact  sixth  power. 

EXERCISES,  XLV. 

1.  Bring  the  rational  factor  under  the  radical  sign 
in  3^2,  2^7, 


2.  Simplify  ^48,  ^108 


3.  Eeduce   \/5,   ^3  to  surds  whose  radical  index 
is  6. 


4.  Eeduce  ^2,  ^3,  ^5    to    surds  whose    radical 
index  is  9. 


5.  Simplify  V^9,  V  I26T 

178.  The  Algebraic  sum  of  any.  number  of  surds  is 
expressed   in  its  simplest  form  by  simplifying  the 
several  terms,  and  collecting  similar  surds  under  one 
term. 

179.  Surds  are    said  to  be  simple    or  compound 
according  as  they  contain  one  or  more  terms. 

EXAMPLES. 


1.  5A/8+  V 
=  ll\/3 

2.  \/5  +  S^54-2^16=V5+9^2-4^2=  \/5 

2 

EXERCISES,  XL  VI. 
Simplify 

1.  8V2+4V8-V82.        2. 
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3. 
5. 
6. 


-  #108.          4.    Vl08  +  2A/675. 


180.  To  find  the  product  of  two  simple  surds 
and  v  &. 

Let  I  be  the  L.  C.  M.  of  m  and  n,  so  that  l=mp=nq. 

TO_n_  _!!_JP^L  1  

Then    Va    V b  =  g™- 6»  =g  .  b'i=(ap.b9)i  =  ^ avm 

=  VaI7l 


m 

V~a 

nq. 


181.  The  products  of  simple  surds  are  also  some- 
times expressed  as  follows  : 


11         11 


In  like  manner    j/a    *ty  b  **%/  c  may    be    written 


Thus, 
Conversely,        • 


Thus 


EXAMPLES. 


1        *V         w/  T         n/  ~T~ 

••    *y  a,    \  o— v  ao» 
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Here  the  L.  C.  M.  of  n  and  n  is  n. 
2.   Va  \/6=\/a362. 


3.   v'lS  x  5^4  =  5^/72. 

4.-  5  \/2  x  6^2  =  30  V/23x22=30V/  32. 

r 

Hence  the  product  of  a  simple  and  a  compound  surd, 
or  of  two  compound  surds,  can  be  expressed  as  a  rational 
quantity  or  a  surd. 

EXAMPLES. 


2.  (A/2+1)  (A/2-l)  =  2-l  =  l. 

3.  (2+  A/3)  (3-A/5)  =  6- 
4. 


EXERCISES,  XL  VII. 
Multiply 

1.  3  A/5  by  2  A/3.  2.  2^7  by 

3.    A/5  by  ^6.  4.  5^2  by  2\/3- 

5.  ^2  by  A/3.  6.    A/5-  A/6  by  A/3. 

J^     J_ 

A/2+  A/3  ^ 


8.  1  +  A/3-  A/2  by   ^6-  A/2. 

9.  ^2+^3  by  V2- 
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10.  Express  as  simple  surds 


_ 

182.  the  quotient  of  one  simple  surd  V  'a  divided 


by  another     b   can   sometimes  be  expressed  in  the 
form  of  a  simple  surd. 

Let  I  be  the  L.  C.  M.  of  m  and  n,  so  that  l=mp=nq. 


Then 


b     bn 


Therefore  the  quotient  will  be  a  simple  surd  if  a?  is 
a  multiple  of  bq. 


EXAMPLES. 


m/  m 

y  a          i  a 

~          ' 


^Tif  theL.C.M.  of  m  and 


is  l=mp=nq. 


4. 
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6. 


EXERCISES,  XL VIII. 
Divide 

1.  ^3  by  ^3.  2.  2V5by 

8.  \/18by  \/3.  4.  ^24  by 

5.  Vs  by  ^/9.  6.   ^4  by 

7.  Shew  that  V 


8.  Shew  that 


183.  The  approximate  numerical  values  of  frac- 
tions whose  denominators  are  surds  can  generally  be 
most  easily  calculated  by  multiplying  the  numerator 
and  denominator  by  a  surd,  which  will  render  the 
denominator  rational.     The  following  are  a  few  cases 
in  which  the  method  of  rationalizing  the  denomi- 
nators of  such  fractions  is  applied. 

184.  The  denominator  of  -^  may  be  rationalized 

V  a 


by  multiplying  it  by  tyan~l,  and  the  equivalent  frac- 
tion will  be  ^L- 


a 
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185.    The   denominators  of 


>      /-  ,        r 
h  Vo      V  &+  V  & 

may  be  rationalized  by  multiplying  them  by  a— 
\/a—  vb  respectively. 


I8 

3 


23(5+  V2) 
25-2 

3^\/3-\/2) 


- 


186.  The   fraction    j= -^  is  equivalent  to 

a+Vb+Vc 

a+Vb-Vc  ~ 

,  whose  denominator  may  be  ration- 


alized  by  the  factor  a?+b  —  c—ZaVb. 

187.  In  like  manner  the  denominator  of 
~T~=  A/I~I  A/~  may  t>e  rationalized  by  the  multipliers 
\/«+  Vb—  Vc  and  a+5  — c  — 2  V  ab. 


Thus, 


EXERCISES,  XLIX. 


Eationalize  the  denominators  of  the  following  frac- 

tions : 


1. 


2. 


-  A/3* 
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.     1  +  2A/3 

2 

3-  A/7 

o.              /_  • 
3-  A/2 

6    4+  A/2 

'  3+  A/5* 
A/8+A/12 

'  3+  A/7 

4+  A/3 
,0.             ! 

A/3-  A/2   ' 
«f.                   1O. 

2+A/3+A/5" 
2 

11.      ^  .    "         ...  12. 


EQUATIONS  CONTAINING  ONE  UNKNOWN 
QUANTITY. 

188.  An  equation  is  the  statement  of  the  equality 
of  two  different  quantities,  and  these  quantities  are 
called  the  equation's  members  or  sides. 

Thus  2.r-|-3  =  7  is  an  equation  whose  sides  are  2#+S 
and  7,  find.a?-\-px-}-q  =  Q  is  an  equation  whose  sides  are 
and  0. 


189.  An  identity  is  the  statement  of  the  equality 
of  two  like  or  different  forms  of  the  same  quantity. 


are  identities. 

190.  In  the  case  of  an  identity,  therefore,  the 
equality  holds  for  all  values  of  the  quantities  involved, 
whereas  in  an  equation  the  equality  does  not  exist  ex- 
cept for  particular  values  of  the  quantities  involved. 

Thus  the  statement  #2+2#+l  —  (,r+l)2  holds,  no 
matter  what  x  is;  but  5^  —  3  =  7  holds  only  when  x  =  2, 
and  a?+6  =  5x  only  when  a?=2,  or  #=3. 


191.  The  unknown  quantity  is  generally  denoted 
Thus  in  the  equation  ax+b=Q,  a  and  b  are  known 


OF 


quantities,  x  the  unknown;  and  in  a?-+-pa-\-q=(),  p  and 
<q  are  known,  x  unknown. 

192.  Quantities  which,  on  being  substituted  for  the 
unknown,  reduce  the  equation  to  an  identity  are  said 
to  satisfy  the  equation,  and  are  called  its  roots. 

Thus  5  is  a  root  of  2#  —  8=7,  because  5  when  sub- 
stituted for  x  reduces  the  equation  to  the  identity 
10-3  =  7.  So  2  and  3  are  the  roots  of  «a+6  =  5a;, 
because  when  either  is  substituted  for  x  the  equation  is 
satisfied. 

193.  The  determination  of  the  a'oots  is  called  the 
solution  of  the  equation. 

194.  An  equation   is   said  to  be  reduced  to  its 
simplest  form  when  its  members  consist  of  a  series  of 
mononomials  involving  positive  integral  powers  only 
of  the  unknown. 


Thus  #-f  1=#*  is  reduced,  by  squaring  its  sides,  to 
its  simplest  form  #2+2#  +  !l  =#;  and  <c~-  x~l  =  2  is 
reduced  by  multiplying  its  sides  by  a?  to  its  simplest 
form  #2  —  1  =s  2#. 

195.  Equations  when  reduced  to  their  simplest 
forms  are  classified  according  to  their  order  or 
degree. 

19  g.  The  right-hand  members  of  the  standard 
forms  are  generally  made  0,  and  the  term  independent 
of  x  is  called  the  absolute  term. 

Thus  —3  is  the  absolute  term  of  a?+  4#—  3=0. 

197.  Simple  Equations,  or  those  of  the  first  degree, 
are  those  in  which  the  highest  power  of  the  unknown 
quantity  is  the  first.  Their  general  form  is 
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198.  Quadratic  Equations,  or  those  of  the  second 
degree,  are  those  in  which  the  highest  power  of  the 
unknown  quantity  is  the  second.  Their  general 
form  is 


(199.  Equations  of  the  third  and  fourth  degrees  are 
called  Cubic  and  Biquadratic  Equations,  respectively, 
their  general  forms  being 

aa?  -{-  b&*  +  ex  +  d  =  0, 


And,  generally,  if  the  highest  power  of  the  unknown 
is  the  rath,  the  equation  is  said  to  be  of  the  nth 
degree. 

200.  The  coefficient  of  the  highest  power  of  x  can 
always  be  made  unity  by  dividing  both  sides  of  the 
equation  by  the  coefficient  of  that  power  ;  so  that  the 
general  forms  of  simple,  quadratic,  cubic,  &c.,  equa- 
tions may  be  written 


=(),  &c. 

201.  It  is  proved  in  works  on  the  Theory  of  Equa- 
tions that  the  number  of  the  roots  of  an  equation  is 
equal  to  its  degree  ;  so  that  a  simple  equation  has  one 
root,  a  quadratic  two  roots,  a  cubic  three,  and  so  on. 

202.  In  order  to  solve  an  equation  it  is  generally 
necessary  to  reduce  it  by  one  or  more  of  the  following 
processes  : 

Transposition  of  Terms, 

Clearing  of  Fractions, 
Clearing  of  Surds. 
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These  operations  will  be  illustrated  by  applyin 
them  in  order  to  the  solution  of  simple  equations. 


TRANSPOSITION  OF  TEEMS. 

203.  If  an  equation  contains  neither  fractions  nor 
surds,  it  may  be  solved  by  transposition  of  terms, 
which  consists  in  taking  the  unknown  quantities  to 
one  side  of  the  equation  and  the  known  to  the  other 
side,  the  sign  of  the  quantity  which  is  so  transposed 
being  changed. 

Thus  if  the  equation  is 

ace-}-  b  = 
by  adding  —  b  to  each  side  we  get 

ax-\-b  —  b  =  cx-\-d  —  b, 
that  is  ax=cx-}-d  —  b. 

and  so  any  quantity  may  be  transposed  from  one  aide 
to  the  other  by  changing  its  sign. 


Therefore 
that  is 


ax  —  cx=d  —  b, 
(a  —  c)  x=d  —  b ; 


and  the  equation  is  solved  by  dividing  each  side  by 
a—c,  the  coefficient  of  x. 


Therefore 


d-b  . 


x=. 


d-b 


a 


Thus  _ — -  is  the  root,  and  the  equation  is  solved. 


a—  c 


EXAMPLES. 
1.  Solve  the  equation  5#+10=15. 
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Here  +10  is  to  be  taken  to  the  right-hand  side  of 
the  equation,  which  is  then  reduced  to  the  form 

5^=15-10  =  5; 
divide  by  5,  the  coefficient  of  x,  and  we  get 


2.  Solve  lx+  2  = 

Here  +2  is  to  be  taken  to  the  right-hand  side  and 
#  to  the  left-hand  side  ;  hence  we  get,  at  one  step, 


7^-4^=11-2; 
that  is  8#=9  ; 

therefore  x=S 

3.   Solve  2(ar-l)-5(2a?+l)  =  20-7a?. 

Here  the  left-hand  side  must  be  reduced  to  a  series 
of  mononomials  by  removing  the  brackets  ;  thus 


transpose  —2,  —5  to  the  right-hand  side,  and  —  lx  to 
the  left  ;  therefore        6#  -  Wx  +  lx  =  20  +  2  +  5  ; 

that  is  So;  =  27; 

therefore  x=9. 

4.  Solve  x  (a  -8)  +  2  (l-a?)  =  #2-3#-5. 
Eemove  the  brackets  ;  thus 


strike  out  x2  and   —  3#,  which  are  common    to   both 
sides  ;  thus  2  —  2.r  =  —  5  ; 

transpose  —  2#  =  —  5  —  2  ; 

that  is  -2#=-7; 

divide  by  —2;  therefore       #=3^. 

n  2 
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—  5o;2  +  3#  -  4a;  +  4#2  =  1  5  —  20  +  1  ; 
—  o?=—  4; 
#  =  4. 


5.  Solve  (x  -  1)  (a?+l)  -  5a?+  3x  =  (3  +.2#)  (5  - 
Perform  the  multiplications  indicated ;  thus 


Transpose, 
that  is, 
therefore 


6.  Solve     a  (#  —  «)  +  &  (x  —  H)+x*  =  (x—  a)  (x  —  b). 

Perform  the  multiplications  indicated  ;  thu 
ax  —  a?  -\-bx-  bz-\-3?  =  a?  —  ax  —  bx  -\-ctb; 

strike  out  or5,  which  is  common  to  both  sides,  and  tr 
pose;  thus  ax-{-bx-\-ax-\-bx=cP-{-b*-\-ab  ; 

collect  coefficients  of  x, 

2  (a+b)x=a*+V*+ab; 

divide  by  2  (a+b)  ;  therefore  0=* 


2   a 


EXERCISES,  L. 


2. 
3. 

4.  5- 
5. 

6.  8(2- 

7.  3   #- 


-5  (a?-  8)  =  21*  -46. 
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8.  2  (8*-l)-17  =  6  (a?  +  2)-7  (8a?+l). 

9.  a^- 


10.  2#  (2a?+7)-  4  (x  +  8)-ll  =  (l  -  x)  (3  - 
+  19. 

:  11.  (a?  -  1)  (x  -  2)  +  (x  -  2)  (a?  -  8)  =  2  (x-l)  (x  -  3) 


12. 

13.  (l- 

14.  ax=bx-\-c. 
15. 

16.  ^  (a;  —  a)+o?  (#  —  6)  =  2  (a;  —  «)  (a;  —  6) 

17.  (x-a)  (x-b)  =  (x-a-b}\ 

18.  (a  -a?)  (b-x)  =  (p+x)  (q+sc). 

19.  (a?+2a)  (a?-a)a  =  (a?+26)  (x-b)\ 

20.  (a;  -a) 


CLEARING  OF  FRACTIONS. 

204.  If  an  equation  contains  fractions,  it  may  be 
reduced  to  a  form  capable  of  solution  by  transposi- 
tion, by  multiplying  each  side  of  the  equation  by  the 
L.  C.  M.  of  all  the  denominators  of  the  fractions. 
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EXAMPLES. 
1.  Solve  *-*=*+!. 

a     o      o 

Here  30  is  the  L.  C.  M. 
Multiply  each  side  by  30  ;  thus 


therefore  —#=30; 

therefore  #=—30 

2.  Solve  ^,      8  8 

Multiply  each   side  by  24,  the  L.  C.  M.  of  2,  3,  8; 
thus  12  (0-1) +  8  (2*+ 3)  =  3  (60- 

the  solution  of  which  is  #=4£. 


8.  Solve  ?_»+-£-=' 

/y»  *)  ~Y*  ^\  T*  w~\  If* 

JU  £lJU  \jJU  \J*AJ 

Multiply  each  side  by  6x,  the  L.  C.  M.  of  a?,  2#,  3o?, 
Qx  ;  thus 


whence 


4.  Solve 


x-1 


Multiply  by  6  (. 
nominators  ;  thus 


18 


whence 


2#-2     8#+12 
(#+4),  the  L.  C.  M.  of  the 


a?  =16. 
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5.  Solve       !+* 


x    x-\-a    x-{-b 

Multiply  by  x  (x+a)  (x+b);  thus 

(x-}-a)  (#+6)  +  bx  (#+&)=#  (1+6)  (#+a) ; 
whence,  on  reducing,  we  obtain 
r  (62+6  —  ab]x=  —  ab  ; 

therefore  x=  -  —  =       a 

"—  «6     6  +  1  — a     a  —  6  —  1 

EXERCISES,  LL 


1.       +=^ 

57      3 


a;     x     o       a; 

-+     ' 


. 
9  12 


07    .   iC  0 

4.  _+_  JL_=#  —  2. 
2       7 


•r          «*7  "~^   JL  it/         -   J-4  J(J  *"^™  ^J 

O.    — = . 


6. 


13 


8 
' 


4a?-13 
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9.  1?+ J-^2?. 
#      12a;     24 


10.  a?4-l-"lZ^=:2. 


11. 


=23  ,  a 

21         4^+10     70    3* 


4   /"^  fV«  (.  C*  Cv  C   i/ ' 

acid 


13.  I-4--U-I-- 


14. 


_       L 


15. 
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x 


1     ^  —  2     a;  —  3 


16    ^-a+a?-^_«2+ 
,i^  , 

b  a  ab 


17. 


18.       »    :+ JL=     6 


19. 


x 


3—  a?     2  —  a;     1—  a; 


20. 


21. 


a 


6a?  b         b      3. 

1  1      _  a-£ 

a;  — a     a;— 6     ar5— ab 
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oo    x  —  a__x--a__ 

a-b     a+b~~az  — 

23.  (  X+l  Y^ 


24. 


x-2b 


CLEAEING  OF  SUEDS. 

205.  If  an  equation  contains  one  surd,  the  radical 
sign  may  be  removed  by  bringing  the  surd  to  one 
side,  and  the  remaining  terms  to  the  other,  and  then 
raising  both  sides  to  the  power  indicated  by  the 
radical  index.  The  equation,  if  of  the  first  degree, 
can  then  be  solved  by  the  previous  methods. 


EXAMPLES. 

1.  Solve 
Transpose, 


square  both  sides,  ar5— 
whence  x=— 


2.  Solve 
Transpose, 
cube  both  sides, 


whence  #=—2. 

206.  If  the  equation  contains  two  quadratic  or  two 
cubic  surds  it  may  be  reduced  to  an  equation  contain- 
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ing  but  one  surd  (i.)  by  bringing  one  surd  to  one 
side,  and  all  the  other  terms  to  the  other  side  of  the 
equation,  and  then  raising  both  sides  to  the  power 
indicated  by  the  radical  index ;  or  (ii.)  by  bringing 
the  two  surds  to  one  side,  and  all  the  other  terms  to 
the  other  side  of  the  equation,  and  then  raising  both 
sides  to  the  power  indicated  by  the  radical  index. 

EXAMPLES. 


1.  Solve  V2T+3 

Employing  the  first  method,  we  transpose  — 
to  the  right-hand  side  ;  thus 

V  2#+3  = 
square  both  sides, 


=  2^-8+4+4 
2  =  4 


that  is, 
whence 

2.  Solve 

Employing  the  second  method,  we  square  both  sides 
as  they  are  ;  thus 

2^-1  +  2^+4  +  2  ^4^+6^4  =  25; 
transpose  and  divide  by  2, 


whence 

3.  Clear  of  surds, 

Cube  both  sides  by  the  formula  of  Art.  110  ;  thus 
1—  #+8+#+3  \/(l—  #)(8+#){  \/l—  x-\-  j/8-\-x\  =27; 
substitute  for  \/l  — #+  \/8  +  #  its  value  3;  thus 
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divide  by  9, 
cube, 


a  quadratic  equation. 

207.  If  an  equation  contains  three  quadratic  or 
ttyree  cubic  surds,  it  may  be  reduced  to  an  equation 
containing  but  one  surd  by  bringing  two  surds  to  one 
side,  and  the  remaining  surd  to  the  other,  and  then 
raising  both  sides  to  the  power  indicated  by  the  radi- 
cal index. 

EXAMPLES. 

1.  Clear  of  surds   Vx+±+  V2^+9=  V&&+25. 
Square  both  sides, 


transpose  and  divide  by  2, 


square,  2^+17^+86  = 

that  is,  2.ra+17#=0, 

a  quadratic  equation. 


2.  Clear  of  surds        a+ 

Transpose,  $  a+  ty  b=  - 

cube  both  sides, 


substitute  for       a+      b  its  value  - 


=  —  c; 
transpose, 


cube  both  sides,     (a+6+c)8=  27abc. 
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EXEKCISES,  LII. 


Solve  or  simplify 


5. 
6. 
7. 
8. 
9. 
10. 

11. 
12. 

13. 
14. 
15. 


2. 

3.    ^a?+Qx+  4  +  10= 
4. 


=  a  —  b. 
2 


_      a- 


16.  - 
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18.  a? 


PROBLEMS. 


208.  When  a  question  is  assigned  for  solution  the 
unknown  quantity  or  number  is  generally  involved  in 
the  various  conditions  which   are   proposed  for   its 
determination.    The  expression  of  these  conditions  in 
Algebraical  language  leads  to  an  equation,  the  solu- 
tion of  which  will  be  the  solution  of  the  question. 

209.  In   some    cases,    although   there    are    more 
unknowns  than  one,  they  are  related  to  each  other  in 
such  a  manner  that  when   one   is   determined  .the 
others  become  immediately  known.     In  such  cases 
the   unknowns  can   be   expressed  in   terms   of  one 
unknown. 

Thus,  if  the  sum  of  two  unknowns  is  equal  to  8  we 
may  denote  one  of  them  by  x,  and  the  other  by  8  —  x\ 
if  the  greater  of  two  unknowns  exceeds  the  less  by  3, 
the  former  may  be  denoted  by  x,  and  the  latter  by 
x  —  3  ;  if  the  product  of  two  unknowns  is  equal  to  12,  one 

12 

of  them  may  be  denoted  by  x,  and  the  other  by  —  ;  if 

x 

there  be  two  numbers,  of  which  one  exceeds  4  times 
the  other  by  7,  the  former  may  be  denoted  by  4#+7, 
and  the  latter  by  x. 

In  like  manner;  if  there  are  three  unknowns,  of 
which  the  first  exceeds  the  second  by  3,  and  the  second 
exceeds  the  third  by  5,  the  first  may  be  denoted  by  x, 
the  second  by  a;  —  3,  and  the  third  by  x  —  8;  if  there  are 
three  unknowns,  which  are  to  each  other  as  the  numbers 
1,  3,  5,  they  may  be  denoted  by  x,  3#,  5x. 
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210.  The  following  examples  will  illustrate  the 
method  of  solving  problems  by  means  of  simple 
equations  of  one  unknown. 

1.  What  is  the  height  of  a  house  wall  in  which  a 
window  6  feet  high  has  under  it  £,  and  above  it  £  of 
the  whole  height  ? 

Let  the  height  sought  —x  feet. 

Then  under  the  window  there  are  \x  feet,  and  above 
it  \x  feet ; 


2.  How  may  a  debt  6*f  £5  be  paid  with  29  coins, 
some  of  them  crowns,  and  the  rest  florins  ? 

Let  there  be  x  crowns;  then  there  are  29  —  #  florins. 

The  value  of  the  x  crowns  is  5x  shillings,  and  the 
value  of  the  29  —  x  florins  is  2(29  —  x)  shillings; 


29-0=15. 

Thus  a  debt  of  £5  can  be  paid  in  the  required  way 
only  with  14  crowns  and  15  florins. 

3.  If  A  can  perform  a  given  work  in  120  days,  and 
B  in  80  days,  in  how  many  days  will  A  and  B,  working 
together,  be  able  to  perform  it  ? 

Let  the  whole  work  done  be  denoted  by  w,  and  the  re- 
quired number  of  days  by  x  ;  then 

w 
amount  of  work  done  by  A  in  one  day  = 


„ 


„ 


work  done  by  B  in  one  day  =  ^  ; 

oU 


w 


work  done  by  A  and  B  in  one  day  =  -  ; 

M/ 
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;r          w          w 
therefore   -  =  — - 
x 

divide  by  ic,  ~  • 
x 

#=48. 

Thus  A  and  B,  working  together,  can  do  the  work  in 
48  days. 

4.  A  number  consists  of  two  digits,  the  first  of  which 
is  greater  than  the  second  by  unity,  and  the  sum  of  the 
digits  is  one-sixth  of  the  number  itself. 

Let  x  denote  the  second  digit,  then  #-fl  will  denote 
the  first. 

The   number  is,  therefore,    10  (#+l)-f#  =  ! 
and  the  sum  of  the  digits  is  2.r-fl ; 

110+10 


6 

#=4, 


therefore 


Thus  the  number  is  54. 

5.  One  hundredweight  (112  Ibs.)  of  bronze  contains 
by  weight  70  per  cent,  of  copper,  and  30  per  cent,  of 
tin  ;  with  how  much  copper  must  it  be  melted  in  order 
to  contain  84  per  cent,  of  copper  ? 

Let  the  amount  in  Ibs.  of  copper  be  denoted  by  x; 

70 
then  in  the  cwt.  there  will  be  —  —  .  112,  or  78'4  Ibs.  of 

30 
copper,  and  —  —  •  112,  or  33-6  Ibs.  of  tin. 

Therefore  the  whole  amount  of  copper  in  mixture 
will  be  78-4  -\-x,  and  this  is  to  be  84  per  cent,  of  the 
mixture,  which  weighs  112+a;  Ibs.; 

84 
therefore  78-4  +  #=  _  {112+0); 


Thus  98  Ibs.  of  copper  must  be  added  to  the  cwt. 
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6.  To  find  at  what  time  between  h  and  h-\-~L  o'clock 
the  minute -hand  is  m  minute  divisions  before  the  hour- 
hand. 


Let  x  denote  the  number  of  minute  divisions  between 
the  mark  h  and  the  position  of  the  hour-hand;  then 
the  number  of  minute  divisions  between  the  mark  h 
and  the  minute-hand  will  be  w-f-.r,  and  between  the 
mark  12  and  the  minute-hand  5h -\-m-\-.f. 

Therefore  the  number  of  minute  divisions  passed 
over  by  the  minute-hand  since  h  o'clock  is  5/i-fwi-f#, 
and  the  number  of  minute  divisions  passed  over  in  the 
same  time  by  the  hour-hand  is  x;  but,  in  the  same 
time,  the  minute-hand  passes  over  12  minute  divisions 
for  the  hour-hand's  one; 

therefore  5  A +  ?»-{-#  = 


x— 


5h-{-m 

Ti~ 


5h-\-  m 
therefore  the  required  time    is  5/i+  — — [-m, 


or 


12 

— r  (5^+Vi)  minutes  past  h. 

Thus  the  time  between  2  and  3  o'clock  when  m  is  15, 
that  is,  when  the  hour  and  minute-hands  are  at  right- 

12 

angles  to  each  other,  is  —  (10  +  15),  or  27T3T  minutes 

past  2. 


EXERCISES,  LIII. 

1.  The  sum  of  two  numbers  is  10,  and  their  differ- 
ence 4 ;  find  the  greater  number. 

2.  Divide  30  into  two  parts,  such  that  one  may  be 
two-thirds  of  the  other. 
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8.  The  difference  of  two  numbers  is  3,  and  their 
product  exceeds  the  square  of  the  less  by  12 ;  find 
them. 

4.  Find  the  number  to  which,  if  its  third  part  be 
added,  the  sum  will  exceed  its  half  by  5. 

5.  The  denominator  of  a  certain  fraction  is  one  less 
than  the  numerator,  and  twice  the  fraction  added   to 
three  times  its  reciprocal  makes  5^  find  the  fraction. 

6.  Divide   £34   4s.  into   two  parts,   such   that   the 
number  of  crowns  in  the  one  may  equal  the  number  of 
shillings  in  the  other. 

7.  A  and  B  sat  down  to  play.    A  had  seven  shillings, 
more  than  B,  but,  after  losing  ten  shillings,  finds  that 
lie  has  only  half  as  much  as  B.   How  much  money  had 
A  and  B  originally  ? 

8.  A  person  invests  two-thirds  of  his   property  at 
4  per  cent.,  one-fourth  at  3  per  cent.,  and  the  remainder 
at  2  per  cent.;  his  income  is  £430;  what  is  his  pro- 
perty ? 

9.  If  B  gave  half  of  his  money  to  A  he  would  have 
only  a  quarter  as  much  as  A;  but  if  A  gave  B  £50  he 
would  have  only  half  as  much  as  B.     How  mudi  have 
A  and  B,  respectively  ? 

10.  A  and  B  set  out  at  the  same  time  to  meet  each 
other.     A,  travelling  5|  miles  an  hour,  meets  B  travel- 
ling only  3|  miles  an  hour,  3  miles  beyond  a  midway 
station ;  what  is  the  distance  of  the  points  from  which 
they  started? 

11.  How  much  wine  at  15s.  a  gallon  must  be  mixed 
with  20  gallons  of  wine  at  £1  a  gallon  to  make  a  mix- 
ture worth  17s.  a  gallon  ? 

12.  A  mixture  is  made  of  a  gallons  at  p   shillings, 
<6  gallons  at  rj  shillings,  and  c  gallons  at  r  shillings; 
what  will  be  the  value  per  gallon  of  the  mixture  ? 

13.  A  cistern  is  supplied  from  two  taps,  by  one  of 
which  it  is  filled  in  45  minutes,  and  by  the  other  in 
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75  minutes;  in  what  time  will  it  be  filled  by  both 
together  ? 

14.  A  starts   on   a  journey  20  minutes  before  B ; 
A  walks  at  the  rate  of  4  miles  an  hour,  and  B  at  the 
rate  of  4£  miles  an  hour;  at  what  distance  along  the 
road  will  B  overtake  A  ? 

15.  A,  who  walks  at  the  rate  of  3|  miles  per  hour, 
starts  18 minutes  before  B;  at  what  rate  per  hour  must 
B  walk  to  overtake  A  at  the  ninth  mile-stone  ? 

1G.  A  and  B  start  to  run  to  a  flag-staff  450  yards  off, 
and  back.  A  returning,  meets  B  30  yards  from  the 
flag-staff,  and  arrives  at  the.  starting-point  half-a- 
minute  before  B;  how  long  did  A  take  to  run  the 
whole  distance  ? 


17.  Divide  24  into  two  parts,  such  that  their 
shall  be  to  their  difference  as  3  to  2. 


sum 


18.  Divide  30  into  two  parts,  such  that  their  sum 
shall  be  to  the  difference  of  their  squares  as  1  to  6. 

19.  A  number  consists  of  two  digits,   the  first   of 
which  is  less  than  the  second  by  2",  and  if  the  difference 
of  the  squares   of  the  digits  be  subtracted  from  the 
number  itself  the  remainder  is  19 ;  find  the  number. 

20.  A  bill  of  £100  was  paid  with  202  coins,  consist- 
ing of  crown  pieces  and  half-guineas;  how  many  of 
each  were  used  ? 

21.  What  is  the  first  time  after  7  o'clock  when  the 
hour  and  minute  hands  of  a  watch  are  exactly  op- 
posite ? 

22.  A  watch  gains  as  much  as  a  clock  loses,  and 
1793  hours  by  the  clock  are  equivalent  to  1802  hours 
by  the  watch ;  find  the  error  in  each  per  hour. 

23.  At  what  times  will  the  hour    and  minute  hands 
of  a  clock  be  together  during  12  hours  ? 

24.  A  hare  pursued  by  a  greyhound  is  60  leaps  in 
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advance,  and  makes  9  leaps  while  the  hound  makes  6, 
but  3  of  the  hound's  are  equal  to  7  of  the  hare's.  How 
many  leaps  must  the  hound  take  to  catch  the  hare  ? 

25.  A  steamboat  which  can  travel  at  the  rate  of  a 
miles  an  hour,  in  still  water,  goes  from  one  station  to 
another  with  the  current  in  t  hours,  and  goes  back  in 
t'  hours ;  find  the  velocity  of  the  current  in  miles  per 
hour. 

26.  In  the  previous  question,  if  the  distance  between 
the  stations  be  19|  miles,  the  time  of  going  down  the 
river  1  hour  18  minutes,   and  up  the  river  2  hours 
10  minutes,  calculate  the  velocity  of  the  current,  and 
the  rate  of  the  steamer  in  still  water. 

27.  A  certain  number  of  sovereigns,  shillings,  and 
sixpences  together  amounts   to   £8   6s.  6d.,  and  the 
amount  of  the  shillings  is  a  guinea  less  than  that  of 
the  sovereigns,  and  a  guinea  and  a  half  more  than  that 
of  the  sixpences ;  find  the  number  of  each  coin. 

28.  Two  minutes  after   a  railway  train  has  left   a 
station,  A,  where  it  had  stopped  7  minutes,  it  meets  the 
express,  which  set  out  from  a  station,  B,   when  the 
former  was  28  miles  on  the  other  side  of  A;  the  express 
travels  at  double  the  rate  of  the  other,  and  performs 
the  journey  from  B  to  A  in  an  hour  and  a  half:  find 
the  rates  at  which  the  trains  travel. 

29.  The  circumference  of  the  fore  wheel  of  a  carriage 
is   10  feet,  and  that  of  the  hind  wheel   12  feet ;    the 
former  has  made  100  more  revolutions  than  the  latter: 
how  many  times  has  the  hind  wheel  revolved  ? 

30.  The  epitaph  of  Diophantus,  the  celebrated  mathe- 
matician, states  that  he  passed  the  sixth  part  of  his  life 
in  childhood,  and  the  twelfth  part  in  the  state  of  youth  ;. 
that,  after  an  interval  of  5  years  more  than  one-seventh 
of  his  life,  he  had  a  son  who  died  when  he  had  attained 
to  half  the  age  of  his  father,  and  that  the  father  sur- 
vived the  son  four  years.     Find,  from  these  data,  the 
age  of  Diophantus. 

12 
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81.  A  number  consists  of  two  digits,  of  which  the 
first  exceeds  the  second  by  4  ;  and  when  the  digits  are 
reversed  in  order,  a  number  is  obtained  which  is  four- 
sevenths  of  the  former.  Find  the  number. 

32.  A  steamer  makes  a  journey  of  2,568  miles  in 
"9  days  ;  for  3  days  she  is  retarded  by  winds  and  cur- 
rents at  the  rate  of  3  miles  an  hour ;  for  4  days  she  is 
helped  at  the  rate  of  2  miles  an  hour ;  and  for  the 
remainder  of  the  time  her  speed  is  due  solely  to  her 
steaming  power.     What  is  her  rate  in  still  wind  and 
water  ? 

33.  The  hour  is  between  2  and  3  o'clock,  and  the 
minute  hand  is  in  advance  of  the  hour  hand  by  14£ 
minute  spaces  of  the  dial.     What  o'clock  is  it  ? 

34.  A  man  at  his  death  leaves  £5,850  to  be  divided 
among  his  family,  which  consists  of  3  sons,  4  daughters, 
and  his  widow.     Twice  the  widow's  share  is  to  be  equal 
to  the  share  of  a  son  and  a  daughter,  and  the  share  of 
two  sons  is  to  be  equal  to  that  of  three  daughters. 
Find  each  person's  share. 

35.  A  quantity  of  leaden  shot  is  shaken  on  a  sieve  ; 
twice  as  many  grains  go  through  as  are  left  behind  ; 
what  remains  is  shaken  on  another  sieve,  when  three 
times  as  many  go  through  as  are  left ;  what  remains  is 
shaken  on  a  third  sieve,  when  four  times  as  many  pass 
through  as  are  left.     The  number  of  grains  which  is 
finally  left  is  100.     Find  the  number  of  grains  of  each 
.size. 

36.  In  one  specimen  of  gunpowder  there  is  n  per 
•cent,    of  nitre,   s  of  sulphur,    and  c  of  charcoal ;  in 
another  n',  s',  and  c'  of  these  ingredients,  respectively. 
If  w  Ibs.  of  the  first  be  mixed  with  w'  Ibs.  of  the  second 
specimen,  what  will  be  the  per-centages  of  each  material 
in  the  mixture  ? 

37.  Gun-metal  is  composed  of  90  per  cent,  of  copper 
and   10  per  cent,   of  tin.      Speculum  metal  contains 
67  per  cent,  of  copper  and  33  of  tin.     How  many  cwt. 
{112  Ibs.)  of  the  latter  should  be  melted  with  8  cwt.  of 
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the  former  in  order  to  make  an  alloy  in  which  there  is 
three  times  as  much  copper  as  tin  ? 

38.  A  garrison  of   500  men   is   provisioned   for   60 
days.     On  the   14th  day  they  lose  80  men  in  a  sortie  ; 
on  the  84th  day  they  lose,  by  the  explosion  of  a  mine, 
20  men  and  2,000  rations  ;  after  a  week  they  receive  a 
reinforcement   which   enables  them,  by   reducing   the 
rations  one-third,  to  prolong  the  defence  until  the  71st 
day,  when  they  are  relieved.     "What  was  the  number  of 
men  in  the  reinforcement  ? 

39.  One  half  of  a  population  can  read ;  of  the  re- 
mainder, 42  per  cent,  can  read  and  write  ;  of  the  re- 
mainder again,  16  per  cent,  can  read,  write,  and  cipher, 
while    243,600    can    neither   read,  write,   nor   cipher. 
What  is  the  population  ? 

40.  A  person  possessed  of  £5,222,  invested  a  part  of 
his  property  in  5  per  cent,  stock,  which  he  bought  at 
105,  and  the  rest  in  3  per  cent,  consols,  at  96.     How 
much  did  he  invest  in  each  kind  of  stock,  if  his  annual 
income  amounts  to  £191  16s.  8d.  ? 


QUADRATIC  EQUATIONS  CONTAINING 
ONE  UNKNOWN. 

211.  The  general  form  of  a  quadratic  equation  is 


in  which  p  and  q  are  supposed  to  be  known,  and  x  an 
unknown  quantity,  whose  value  is  to  be  expressed  in 
terms  of  p  and  q. 

212.  Quadratic  equations  are  called  adfected  or 
pit  re  according  as  the  term  involving  the  first  power 
of  the  unknown  quantity  does  or  does  not  appear. 

Thus  ;7-2-2.r+  3  =  0,  5.7-2-6.r  =  0,  are  adfected  quad- 
ratics ;  2^  —  5  =  0,  cuc?+b  =  Q,  are  pure  quadratics. 
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213.  The  solution  of  a  quadratic  equation,  whose 
right-hand  member  is  zero,  can  always  be  immediately 
effected  if  the  left-hand  member  is  in  the  form  of  the 
product  of  two  factors,  each  involving  the  first  power 
of  the  unknown.  For  if  the  product  of  two  factors 
be  zero,  one  or  other  factor  must  vanish. 

Thus,  if  (^  —  1)  (.»  — 2)  =  0,  it  follows  that  either 
x—l  =  Q,  and  therefore  #=1;  or^— 2  =  0,  and  there- 
fore x =  12. 

Thus  the  roots  are  1  and  2. 


1.  Solve  a?-2x= 


EXAMPLES. 


therefore,  either  #=0;  or  a?—  2=0,  that  is  x= 
Thus  the  roots  are  0  and  2. 


2.  Solve  (a»-8)  ( 

Here  we  have  2#—  8  =  0  ;  and  therefore  #=f  ; 
or  3#-fl  =  0  ;  and  therefore  x=  —  £. 


Thus  the  roots  are  |  and  —  £, 


3.  Solve  (ax+b)  (cx+d)  =  0. 

Here  ax-\-b  =  0 ;  and  therefore  x—  —  - ; 

a 

or  cx-\-d=Q;  and  therefore  x——  -. 

c 

Thus  the  roots  are  —  -  and   —  _. 


a 


214.  The  substitution  of  each  root  gives  rise  in 
general  to  two  different  identities. 


ELEMENTS  OF  ALGEBRA.  135 


Thus,  in  the  last  example,  if  —  -  be  substituted  in 

a 


the  equation  for  #,  the  identity  will  be 


but  if  —-be  substituted  for  xt  the  identity  will  be 


215.  A  pure  quadratic,  as  xz—  cfcO,  may  also  be 
immediately  solved  by  transposing  and  extracting  the 
square  root. 
Thus,  x*  =  az. 

Here,  on  extracting  the  square  root,  we  get 
+x=+a; 
-{-#=  —  a  ; 


or,  —  x=—  a  ; 

amongst  which  equations,  it  will  be  observed,  the  first 
and  last  are  equivalent,  as  are  also  the  second  and 
third.  Hence  the  four  equations  may  be  combined 
into  the  two 

x=  -\-a  ; 

or,  x=  —a  ; 

and  the  solution  may  be  written  in  the  form 

x=  ±a. 

216.  If  the  given  quadratic  be  &#2-f  b=.0,  we  have 
ax*  =  —  b  ; 

b 

JP&  —  _  _ 

a 

If  now  in  —  _,  a  and  b  have  opposite  signs,  the  right- 
a 

liand  side  —  -  will  be  positive,  and  x  will  be  either 
a 
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positive  or  negative.  If,  however,  a  and  b  have  the 
same  sign,  x  can  neither  be  positive  nor  negative,  since 
the  square  of  any  positive  or  negative  quantity  is  posi- 
tive. In  such  a  case  x  is  said  to  be  imaginary  and  the 
two  imaginary  roots  are  written  in  the  form 


l 

?=±  J  --. 

a 


Conversely,  it  will  follow  that  the  square  of  +  ^     — 


a' 


or  —  .  /  —  -  will  be  — -. 
a  a 


Thus  the  square  of  +  V  —1,  or  —  \/  —  1  is  —1. 


217.  The  solution  of  an  adfected  quadratic, 


is  effected  as  follows  i 

transpose,  a?  +px  =  —q; 

add  P~ ,  the  square  of  one -half  the  coefficient  of  x,  to 
both  sides, 


The  left-hand  side  is.  now  a  complete  square,  and 
the  equation  may  be  written 


Extract  the  square  root, 


transpose 


»=  _ 


Thus  the  roots  are  - 


± 

1)          1 

^  -f  - 

••  vW 


and  -      -         2- 
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The  preceding  method  is  called  the  Italian  method, 
having  been  used  by  the  Italians,  who  first  intro- 
duced a  knowledge  of  Algebra  into  Europe. 

218.  If  the  given  equation  be  of  the  form 


it/'  may  be  reduced  to  the  standard  form  by  dividing 
both  sides  by  a,  thus 


a         a 
which  equation  may  be  solved  by  the  Italian  method. 

219.  The   equation    aj;*+bx  +  c  =  ()   may    also    be 
solved  by  the  following,  called  the  Hindoo  method  : 
transpose  ,  ax*  -f  bx  =  —  c  ; 

multiply  each  side  by  4«, 


add  62  to  each  side, 


The  left-hand  side  is  now  the  square  of  2o#-f-£,  and 
the  equation  may  be  written 


Extract  the  square  root 


transpose  and  divide  by  2a, 
x— 


EXAMPLES. 

1.  Solve  a^+9  =  0. 

Transpose  or2  =  —  9  ; 

extract  the  square  root,  x=±  ^~9=  ±SV  —  1. 
'  Thus  the  roots  +3  V^l,  —  3  V—l  are  imaginary. 
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2.  Solve 

Transpose  a2  +  4#  =  —  3  ; 

add   to   each  side  4,  which  is  the  square  of  one-half 
the  coefficient  of  #, 


extract  the.  square  root, 


therefore,  x=—  2 ±  1  =  —  1,  or  —3, 
Thus  the  roots  are  —1  and  —3. 


3.  Solve 


x=l+  -. 
x 


Clear  of  fractions  and  transpose, 
x*  —  x—\ ; 

add   to  each  side  J,  the  square  of  one-half  the  co- 
efficient of  x, 

or 

extract  the  square  root, 


therefore  x 

Thus  the  roots  are 


-v/5 


, 
and 


< 


4.  Solve  6^+5^—21  =  0  by  the  Hindoo  method. 

Transpose,  6.r2+5#=21; 

multiply  each  side  by  4x6  =  24, 

144^+120^=504; 
add  52=25  to  each  side, 


extract  the  square  root, 


-5  ±23      3 
« 


therefore  a?=  —    —  =  «  ,  or  —  5. 
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3  7 

Thus  the  roots  are  ^  and  —  -  . 
A  o 


.  20 

5.  Solve  —i  -f  Q  —  —  =  --  . 

zo/'l       80?—  4      11 


Clear  of  fractions,  12^+  100^  =  -168; 
divide  by  4,  8a2+25#=  -42; 

multiply  each  side  by  4  x  3  =  12, 

36.£2+300a;=-504; 
add  252  =  G25  to  each  side, 


extract  the  square  root, 


,,       ,  -25±11          Oi  a 

therefore  x=  -  -  =  — 2£,  or  —6. 

o 

6.  Solve  3^=  ,-      — . 

10  —  ox 

Clear  of  fractions  and  transpose, 
9^-80^= -41; 
multiply  each  side  by  4x9  =  36,  and  add  900, 

324^-1080^ +900  =-1476 +  900  =-576; 
extract  the  square  root, 

18^-30=  ±  V~^57G  =  ±24  V Hi; 

therefore  x=  - 

o 

EXERCISES,  LIY. 
Solve 

3.  (a'+3)(^  —  5)  =  0.  4.  (2.r  — 5)  (.i'+3)  = 

7    2.#2 8  =  0  8    S^?2  I  12 0 

9.  ^-8^+16=0.  10.  0^+9^+14  =  0. 


11. 

13. 
15. 

17. 

19. 
20. 
21. 
22. 
23. 


-  5.^+1  =  0. 


- 

2 

-  +      l 
nr  ar-1    r 

8.r+10 


12. 

14.  SO./*  -#-1  =  0. 

16.  35^-f  31.r+6  =  0. 

18    *r  ^+2       23 

' 

7 


j?       a       b 


10. 

1 


*M-1 
2.1.  £±J  _ 

«/      ~~~    JL 


d.r  — 


=  2a. 


r  —  hex -\-adx  —  bd  =  0. 
2.r-l       2^-3  3.^ 


25. 
26. 
27. 

28. 

29. 

80.  2^3^+7  =  9- 
31. 


_ 
tf-2~  TO* 


220.  Equations  of  a  higher  order  than  the  second 
can  be  solved  either  partially  or  wholly  by  the  aid  of 
quadratics  when  they  can  be  thrown  into  one  of  the 
following  forms : — 
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I.  (cx+d)(ax*+bx+c)  =  Q. 

II.  (ax*  +  bx  +  c)  (a'x*  -j-  I'x  +  c')  =  0. 
III. 

IV.     aj 


221.  I.  The  equation  (cx+d)(cucz+bx+c)=:Q  is 
satisfied  by  equating  either  factor  of  the  left-hand  side 
to  zero.  We  thus  get  a  simple  and  a  quadratic 
equation,  whose  roots  will  be  the  three  roots  of  the 

given  cubic. 

EXAMPLES. 


1.  Solve  a* 

This  equation  may  be  thrown  into  the  form 


therefore,  either  or=0,  or  tf2  —  5^+6  =  0. 
The  roots  of  the  latter  equation  are  2,  8. 
Hence  the  three  roots  of  the  cubic  are  0,  2,  3. 

2.  Solve  ^-1  =  0. 

This  equation  may  be  written 


and,  therefore,  a?—  1  =  0, 


or 


2 
Hence  the  three  roots  are 


1, 


2 


222.  H.  The  biquadratic  (ax*+  bx  +  c)  (a'x*+  Vx 
+c')=0  can  be  fully  solved  by  equating  each 
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dratic  factor  of  the  left-hand  side  to  zero.     We  thus 
get  two  quadratic  equations,  each  of  which  has  tw( 

roots. 

EXAMPLES. 

1.  Solve  (a?-l)(a?+a?-6)  =  0. 

Here  we  have  3^  —  1  =  0,  and  therefore  #=±1; 
or  ^+#  —  6  =  0,  and  therefore  x=2,  or  —3. 
Hence  the  four  roots  are  1,  —1,  2,  —3. 


223.  III.  The  biquadratic  x* 
ma    be  solved  as  follows  : 


Divide  both  sides  by 


Add  2  to  each  side, 


x 


x 


Let 


x 


y. 


hence 


from  which  two  values  can  be  found  for  y,  that  is,  for 
ar+  - .    If  these  values  be  called  p  and  q  we  have  thus 

two  quadratics, 

1 


the  roots   of  which  will  be  the  roots  of  the   given 
biquadratic. 
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EXAMPLE. 
Solve    12tf4  -  104^+  209.e2  -  104*  +  12  =0. 

By  dividing  both  sides  by  12  the  equation  will  be 
reduced  to  the  required  form;  thus, 

26         209          26 


26        209       26   1  ,  1 
divide  by  a-,  rf-  -  x+  -^  -  _.-+_  =0; 

add  2  to  each  side, 

1\2     26        ,  1\      209 


write  y  for  #+  - 
x 


26         185 
2'4        ~  : 


from  which  we  obtain  ?/=--  ,  or  -  . 

O  L 

1      37  ,15 

Hence          #4-  -  =  —  ,  or  a;-f  -  =  ^  . 
a?       6  x      2 

The  roots  of  the  former  are  6,  i,  and  of  the  latter 
2,i. 

Hence  the  four  solutions  of  the  given  equation  are 
i,  *,  2,  6. 

« 

224.  IV.  The  equation  (ax*+  bx+tfn+p  (ax*+bx 
•}-c)n+q  =  Q  is  reduced  by  writing  y  for  (a#a-f  &r+c)n 
to  the  form 


the  solution  of  which  gives  two  values  of  y,  d  and  e, 

suppose  ; 

thus  (aa?+bx+c)*  =  d, 

or,  (axi+bx+c)n=e; 
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^extract  the  nfh  root  of  both  sides, 

-c—  \  d, 


or, 


=  V  < 


solved  by 


two  quadratics  which  may 
method. 

It  is  to  be  observed,  however,  that  if  n  be  an  integer, 
there  will  be  really  2n  quadratics  instead  of  2.  For  it 
is  proved  in  the  Theory  of  Equations  that  the  quantity 

yd  has  ??  values,  and  therefore  there  will  be  n  quad- 
ratics   corresponding.      In    the    following    example 

however,  we  shall  generally  assume   $  d  to  have 
one  value. 

EXAMPLES. 


1.  Solve  #«+  19^-216  =  0. 

Here,  writing  y  for  Xs,  we  get 


from  which  we  obtain  y—  —  27,  or  8. 
Thus  ^=-27,  or  0^=8; 

whence  or=  —  3,  or  #=2. 

2.  Solve 


This  equation  can  be  written  in  the  form 

(a?+4)-  12^^+4  =  -20; 
add  86  to  tach  side, 

(^_j_4)_l2  V^rqpT-f  36  =  16  ; 
extract  the  square  root, 


whence,  V^«l-f4  —  10,  or  2  ; 

square,  ^+4  —  100,  or  4; 

0^=96,  or  0. 
Hence  the  four  roots  are  0,  0, 
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Solve 


y>     I     T[ 

This  equation  may  be  solved  by  finding  -      -  first  ; 

x  —  1 


.  ._ 

12  \a?-l/"V24/  "  576' 


-extract  the  square  root, 


_7_  25 

-h24=    b2i; 

whence  a?=~7,  or  |. 

EXERCISES,  LV. 
Solve 

1.  0^+2^-24  =  0. 

2. 

3. 

4.  One  root  of  ^-11^+88^-40=0  is  2:  find  the 
*    remaining  roots. 

5.  (,-l)»+|  (,_!)=.!. 
6. 


7.  o?- 
8. 
9. 
10. 


11.  One  root  of  or5 - 21^+ 143#- 315  =  0  is  5  :  find 
the  remaining  roots. 

jt 
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12.  One  root  of  arJ-12.z2+47#-60  = 
remaining  roots. 


is  4  :  find  the 


17. 


18. 


13. 

14.   V 5^+6^-2  = 

«  *  '• 0  /  

15. 
1G. 


—  a?      4 
^£~3 


-x    7 


19.   ^3^+8^4-14  +  V  3^ -8*4- 14  =  ^40^4-24. 


PROBLEMS  LEADING  TO  QUADRATIC 
EQUATIONS. 

225.  The  conditions  of  a  problem  are  sometimes 
such  that  their  expression  in  Algebraical  language 
leads  to  a  quadratic  equation.  The  roots  of  this 
quadratic  may  both  satisfy  the  conditions  of  the  given 
problem,  as  in  the  following  example  : 

Find  two  numbers  such  that  their  sum  shall  be  15, 
and  the  sum  of  their  squares  113. 

Let  x  denote  one  number;  then  15  —  #  will  denote 
the  other.  Hence,  by  the  conditions  of  the  question, 

a*+  (15  -tf)2=113; 
whence  a?  =7,  or  8; 

and  therefore  15—  x—8,  or  7. 

Thus  the  two  numbers  are  7  and  8. 
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226.  In  many  cases,  however,  both  roots  will  not 
satisfy  the  conditions  of  the  problem.  Whenever, 
for  example,  the  unknown  quantity  is  denoted  by  +  x> 
and  one  of  the  roots  is  negative,  this  root  will  be 
incompatible  with  the  conditions  of  the  given  problem. 
In  the  following  example  the  unknown  time  is  denoted 
by,  +  x,  and  therefore  the  number  of  gallons  that  flow 
through,  the  two  cocks  in  the  same  direction  must 
have  the  same  sign. 

A  cistern  can  be  rilled  in  56  minutes  by  two  cocks 
flowing  together.  If  they  flow  separately,  it  will  take 
one  of  these  cocks  an  hour  and  six  minutes  longer  to 
fill  the  cistern  than  the  other.  In  what  time  will  the 
cistern  be  filled  by  each  ? 

Let  the  cistern  be  filled  by  one  cock  in  a-  minutes  ; 
then  it  will  be  filled  by  the  other  in  #+66  minutes. 

Also,  let  g  be  the  number  of  gallons  in  the  cistern  ; 
then  the  amounts  in  gallons  that  flow  through  the  first 

and  second  cocks  in  one  minute  will  be  ^  and  _  ^     , 

x          #+66 

respectively;  and  --&,  -       _  will  be  the  amounts  that 

X        X-\~QD 

flow  through  in  56  minutes. 


Hence 


x      ar+66 

56       56 
x 


whence        #=88,  or  —  42. 

The  negative  root  must  be  rejected  as  being  incon- 
sistent with  the  conditions  of  the  question  ;  for  if 
x——  42,  it  would  follow  that  the  number  of  gallons 

x  2 
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flowing  through  the  two  cocks  in  one  minute  would  be 

—  9—  and  +— ,  respectively. 
42  24  J 


227.  The  exiscence  of  a  positive  and  a  negative 
root  may  often  be  explained  by  the  fact  that  the  latter 
is  the  solution  of  an  allied  problem  which  has  the 
same  quadratic  statement  as  the  given  one.  In  order, 
however,  that  the  expression  of  the  conditions  of 
these  two  problems  may  lead  to  the  same  quadratic 
statement,  the  unknowns  must  be  so  related  to  each 
other  that  they  may  properly  be  denoted  by  +  x  and 
—  x.  In  the  two  following  examples  the  unknowns, 
the  number  of  oxen  bought,  and  the  number  sold, 
may  properly  be  denoted  by  symbols  with  opposite 
signs. 

Ex.  1.  A  person  bought  a  number  of  oxen  for  £120, 
and  found  that  if  he  had  bought  3  more  with  the  same 
money,  he  would  have  paid  £2  less  for  each.  How 
many  oxen  did  he  buy  ? 

120 

Let  -\-x  denote  the  number  bought  ;  then  :    -  is  the 

x 
price  paid  for  each,  and  is  positive  ;  if  he  had  purchased 

120 
3  more,  the  price  of  each  would  have  been 


Therefore,  by  the  conditions  of  the  problem, 

120      120 

--  — 

X 

-which  reduces  to 


Ex.  2.  A  person  sold  a  number  of  oxen  for  £120, 
if  he  had  sold  3  fewer  for  the  same  money,  he 
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would  have  received  £2  more  for  each.     How  many 
oxen  did  he  sell  ? 

Let   —  x  denote  the    number  sold ;   then  the  price 

120         120 
received  for  each  =_!_=  — ,  a  negative  quantity. 

—  x          x 

If  3  fewer  had  been  sold,  the  number  disposed  of  would 

120 

=±  —  x+3,  and  the  price  of  each  would  then  =  — 


-x+S 
120 


x-  3 

Therefore,  by  the  conditions  of  the  problem,  remember- 
ing that  money  received  is  in  this  case  negative,  we 
have 

_120_2___  120 
x  #  —  3 

which  reduces  to 

x*-  3^=180, 


that  is,  (-x)*+3(-x)  =  18Q    ....  (2). 


If  now  we  write  i/for  the  unknowns  of  both  problems, 
that  is,  if  we  write  y  for  +x  in  (1)  and  for  —  x  in  (2), 
those  equations  reduce  to  the  same  form 

jf+3y  =  180  ....  (3) 

and  therefore  the  two  problems  have  the  same  quad- 
ratic statement  (3),  the  roots  of  which  are  12  and  —15, 
the  former  of  which  is  the  solution  of  Ex.  1,  and  the 
latter  of  Ex.  2. 


EXERCISES,  LVI. 

1.  Find  two    numbers    such  that  their    sum    may 
be  14,  and  the  sum  of  their  squares  100. 

2.  Find  two  numbers  such  that  their  sum  may  be 
10,  and  the  sum  of  their  cubes  280. 
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8.  A  sum  of  money,  amounting  to  £10  16s.,  was 
divided  equally  amongst  a  certain  number  of  persons  ; 
if  there  had  been  three  more,  each  would  have  received 
one  shilling  less.  Find  the  number  of  persons. 

4.  The  difference  of  two  numbers  is  4£,  and  their 
product  28.     Find  the  numbers. 

5.  The  product  of  two  numbers  is  86,  and  the  diffe 
ence  of  their  squares  65  ;  find  the  numbers. 

6.  A  gentleman  bought  a  horse  for  a  certain  su 
and  having  resold  it  for  £119,  found  that  he  had  gal 
as  much  per  cent,  as  the  horse  cost  him.     What  w 
the  prime  cost  of  the  horse  ? 

7.  A,  working  alone,  can  perform  a  piece  of  work 
in  1C  days  less  than  B  takes  to  perform  it  alone ;  both 
together  can  perform  the  work  in  12  days :  how  long 
does  it  take  A  to  do  it  alone  ? 

8.  A  and  B,  working  together,  can  perform  a  piece 
of  work  in  10  days  ;  after  working  together  for  4  days, 
A  is  taken  ill,  and  B  finishes  the  work  in  3  days  more 
than  A  would  have  taken  to  do  the  whole  :  in  what 
time  would  each  of  them  do  it  separately  ? 

9.  Find  two  numbers  whose  sum  is  100,   and  the 
difference  of  their  square  roots  2. 

10.  The  height  of  a  certain  triangle  is  4  inches  less 
than  the  base ;  if  the  base  be  increased  6  inches  and 
the  height  lessened  as  much,  the  area  is  diminished  by 
one-eighth  part :  find  the  base  of  the  triangle  ? 

11.  A  rectangular  field  is  an  acre  in  extent,  and  its 
perimeter  is  308  yards  :  what   are  the  lengths  of  its 
sides  ? 

12.  A  boat's  crew  can  row  in  still  water  at  the  rate 
of  6  miles  an-hour.     They  enter  a  current,  and  row 
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with  it  for  a  distance  of  5  miles  ;  on  coming  back  they 
find  that  it  takes  them  two  hours  longer  to  make  the 
same  distance  against  the  current  than  the  time  it 
took  them  when  rowing  with  it.  At  what  rate  did  the 
current  run  ? 

13.  Two  vessels,  one  of  which  sails  faster  than  the 
other  by  2  miles  an-hour,  start  at  the  same  time  upon 
voyages   of   1152   and   720   miles,    respectively ;    the 
slower  vessel  reaches  its  destination  one  day  before  the 
other :  how  many  miles  did  the  faster  vessel  sail  ? 

14.  A  number  is  composed  of  two  digits,  the  first  of 
which  exceeds  the  second  by  unity,  and  the  number 
itself  falls  short  of  the  sum  of  the  squares  of  its  digits 
by  26.     What  is  the  number  ? 

15.  A  number  is  composed  of  two  digits,  the  first  of 
which    exceeds  the  second  by   2.      The   sum   of  the 
squares  of  the  number,  and  of  that  which  is  obtained 
by    reversing    the    digits,    is    4034.      What    is    the 
number? 

16.  A  merchant  sells  two  casks  of  wine  for  £76  5s. ; 
one  holds  5  gallons  more  than  the  other,  and  the  price 
of  each  wine  is  in  shillings  the  number  of  gallons  in 
the  cask  which  contains  it.     How  many  gallons  are 
there  in  each  cask  ? 

17.  A  person  drew  a  quantity  of  wine  from  a  full 
vessel  which  held  81   gallons,  and  then  filled  up  the 
vessel  with  water.     He  then  drew  from  the  mixture  as 
much  as  he  before  drew  of  pure  wine ;  and  it  was  found 
that  64  gallons  of  pure  wine  remained.      Find  how 
much  he  drew  each  time. 

18.  In  order  to  resist  cavalry,  a  battalion  is  usually 
formed  into  a  hollow  square,  the  men  being  four  deep, 
but  a  single   company  is  usually  formed  into  a   solid 
square.     If  the  hollow  of  the  square  of  a  battalion, 
consisting  of  seven  equal  companies,  is  nine  times  as 
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large  as  one  of  its  companies'  squares,  find  how  many 
men  there  are  in  a  company,  assuming  every  man  to 
occupy  the  same  amount  of  space. 


PROPERTIES  OF  QUADRATIC  EQUATIONS. 


228.  The   solution  of  the  equation 
gives  the  two  roots  in  terms  of  p  and  q. 
be  denoted  by  a  and  b,  so  that 


Let  them 


229.  From  these  values  of  a  and  b  we  can  deduce 
other  relations  between  a,  b,  p,  q. 

Thus,  for  example,  if  we  separately  add  and  multiply 
together  the  values  of  a  and  b,  we  obtain 

a-\-b  =  —p,  a  b  =  q. 

Hence  the  sum  of  the  roots  of  x?+px-\-q  =  Q  is  equal 
to  the  coefficient  of  x  with  its  sign  changed,  and  the 
product  of  the  roots  is  equal  to  the  absolute  term  q. 


Thus  in  the  equation  ^+5^  —  3  =  0,  the  sum  of  the 
roots  is  —5,  and  their  product  —3. 

230.     If  the  given  equation  be  ax2-}-  bx+c=Q,  or 

x*+  -#+-  =  0,  the  sum  of  the  roots  will  be  —  -,  and 
a      a 

^ 
their  product  -. 

a 

Thus  in  the  equation  5x?-9x-  10=0,  the  sum  of 
the  roots  is  f  and  their  product  —2. 
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231.  If  the  equation  be  given  in  the  form  (x  —  a) 
(x  —  fr)  =  0,  the  roots  of  which  area  and  b,  the  fore- 
going relation  is  evident,tfor  the  equation  becomes, 
on  multiplying  the  factors  of  the  left-hand  side, 

a?  —  (a+b)  x+ab  =  Q, 

in.which  the  coefficient  of  x  with  its  sign  changed 
is  'a+b,  the  sum  of  the  roots,  and  the  absolute  term 
ab  is  their  product. 

232.  Hence  the  equation  x*+px+q  =  Q  can  always 
be  written  in  the  form 


a?-  (a+b)  x+ab  =  0, 
or,  (x  —  a)  (x  —  b)  =  Q. 

233.  Hence  also  every  expression  xz+px+q    can 
be  resolved  into  two  factors  of  the  first  degree  in  x. 


Thus,  for  example,  ot?-  llx+  18  ==  (x  —  2)  (#-9), 
where  2  and  9  are.  the  roots  of  ar5  —  11#+18  =  0. 

234.  An  expression  of  the  form  ax*+bx+c  can  be 
resolved  in  like  manner,  by  putting  it  into  the 
form 


/ 
I 

\ 


b       c 

a*+-.*c+- 
'a      'a 


the  second  factor  of  which  is  resolved  as  before. 


Tims,  for  example,  6.^  +  5^-4  =  6  (sa+£a;--t)  = 
6  (•«'  —  i)  (^+|)>  where  ^and—  f  are  the  roots  o 

r_  2  _  A 


235.  Conversely,  if  the  roots  be  given,  the  equa- 
tion may  be  formed. 
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Thus,  the  equation  whose  roots  are  5  and  —6,  is 

s>_  (5-6)j-30  =  0, 
or  a?+x-3Q  =  0; 
and  the  equation  whose  roots  are  —  *  and  -$,  is 

or, 

EXERCISES,  LVII. 
Besolve  into  simple  factors 
1.  a*-llx+18.  2.  o?sl-9tf-52. 

8.  6^+5^-4.  4.  7-9-r-KXr2. 

5.  33-14^-40^.  6.  209^-302.r+65. 

7.  Shew  that  in  every  quadratic  of  the  form  oj^+fco? 
-|-a  =  0,  the  roots  are  the  reciprocals  of  each  other. 

8.  Shew  that  the  roots  of  c.ii2H-i^+a=0,  are  the 
reciprocals  of  those  of  cu?-\-bx-\-c  =  Q. 

236.  The  relations  proved  in  Art.  229  may  be 
employed  to  establish  other  relations  connecting  the 
coefficients  and  the  roots. 

Thus,  since  a +  &  =  —/>,  ab  =  q,  if  we  divide  the 
members  of  the  former  equation  by  those  of  the  latter, 
we  obtain 

a+b        p 

ab  '       q 

11        p 

or,  -- f-r=--- 
a     b          q 

Hence  the  sum  of   the  reciprocals  of  the  roots  of 
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The  sum  of  the  squares  of  the  roots  may  be  obtained 
as  follows  : 


237.  The  nature  of  the  roots  -2l-  VV-4(Z  of 


=  0  is  shewn,  as  follows,  to  depend  on  the 
nature  of  the  quantity  vp*  — 4q. 

238.  I.  Ifp2— 4?  =  0,  or  pz  =  4q,  it  follows  that  a  =  b 
=  —®,  and  therefore  the  roots  are  equal,  as  is  other- 
wise evident,  since  the  left-hand  member  of  the  equa- 

T)2  TK  2 

tion  is  then  reduced  to  the  form  x2  +px  +*-  =  (#  +  0). 

239.  II.  If_p2  —  4q  be  positive,  that  is,  if  pz>4q, 
the  roots  will  be  real  and  different,  a  being  the  sum, 
and  b  the  difference,  of  the  same  two  real  quantities 

— ^,  -  V  pl—4q.     This  will  always  be  the  case  if  the 
absolute  term  be  negative. 

For  example,  let  the  absolute  term  be  —r,  then  the 
quantity  under  the  radical  sign  is  ;/2-f  4r,  which  is 
positive,  and  therefore  both  roots  are  real. 

Thus,  for  example,  the  roots  of  aa+5.r-l-2  =  0  are 
real  and  different,  because  52>4x2;  the  roots  of 
#*  — 7#-f-8  =  0  are  renl  and  different,  because  (  —  7)a 
>  4  x  8  ;  and  the  roots  of  oP+lx  —  1=0, ./ 2  —  10.r  —  3  =  0, 
are  seen  by  inspection  to  be  real  and  different,  be- 
cause their  absolute  terms  are  negative. 

240.  III.  If  p*— -£q  be  negative,  that  is,  if  p*<4q, 
the   roots  will   be    imaginary,    because    the    square 
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root  of  a  negative  quantity  "will  then  enter  into  the 
value  of  each  root. 


Thus  the  roots  of  a2  — 5#+7  =  0,  are  imaginary,  be- 
cause (-5)2<4x7,  or  25<28. 

241.  It  follows,  therefore,  that  the  roots 
xz  +  px  +  #  =  0  are  real  and  unequal,  real  and  equal, 
or  imaginary,  according  as  pz  is  greater  than,  equal 
to,  or  less  than  4q,  that  is,  according  as  p~—4q  is 
greater  than,  equal  to,  or  less  than  zero. 


242 ,  If  the  quadratic  he  of  the  form  ax^ 
=  0,  its  roots  will  depend  in  like  manner  on  V  b2  —  4 
which  enters  into  the  value  of  each.  Hence  its 
roots  will  be  real  and  unequal,  real  and  equal,  or 
imaginary,  according  as 


243.  The  preceding  tests  for  determining  the 
nature  of  the  roots  of  a  quadratic  may  sometimes 
be  employed  to  find  the  maximum  and  minimum 
values  of  a  function  of  x. 


244.  A  function  of  x  is  said  to  attain  its  maxi- 
mum or  minimum  value  when  by  assigning  gradu- 
ally increasing  or  diminishing  values  to  x,  the 
function  ceases  to  increase,  and  begins  to  diminish, 
or  vice  versa. 

Thus,  the  quantity  a*  -  Zx  +  5  =  a?  -  2x  +  1  -f  4 
=  (#  — 1)2+4,  has  a  minimum  value  4  corresponding  to 
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x=l  :  for  all  other  real  values  of  x  render  (x  —  I)2  posi- 
tive, and,  therefore,  (x  — l)2+4  greater  than  4. 

245.  In  like  manner  it  follows  that  the  quantity 
x2  -f  px  +  q  =  (z  +-^)2  +  — — -- ,  lias  a  minimum  value 

^ '  *—,  corresponding  to  the  value  x=  — ?. 


EXERCISES,  LVIII. 
Find  the  minimum  value  of 

1.  a?-3x+5.         2.  ^+4^+8.         8.  a^-faj+J. 
4.  50^+40^+9.         5.  72a?-68a:+64. 

SIMULTANEOUS  EQUATIONS  OF  THE  FIRST 
DEGREE  CONTAINING  TWO  UNKNOWN 
QUANTITIES. 

246.  An  equation  containing  two  unknowns  is  said 
to  be  of  the  degree  indicated  by  the  highest  total 
dimensions  of  the  unknowns  involved  in  any  term. 

Thus  2.r  — S//  — 5  is  an  equation  of  the  first  degree  in 
x  and  y  ;  a?  —  2/2  — 2,  a??/ =  8,  x+2xy  =  3  are  equations  of 
the  second  degree  ;  and  so  on. 

247.  If  there  be  only  one  such  equation  between 
x  and  y  the  number  of  solutions  will  be  infinite,  for 
the  equation  will  be  satisfied  by  giving  any  value  to 
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one  unknown,  when  the  other  unknown  will  have  one 
or  more  corresponding  values. 

Thus  in  the  equation  2x  —  3y=5,  if  we  give  y  the 
value  1,  #—4  ;  if  y  —  3,  x=l ;  if  x=3,  y  =  \  ;  and  so 
on  ;  so  that  the  equation  is  satisfied  by  the  sets  of 
values  4,  1 ;  7,  3  ;  3,  ^ ;  &c. 

Again,  the  equation  a?  —  y*  =  2  is  satisfied  by  giving 
any  value  to  one  unknown,  when  the  other  unknown 
has  two  corresponding  values. 

Thus,  if  y  =  2,  a?=±2;  if  y  =  l,  a?=z 

248  If  there  be  two  such  independent  equations 
in  x  and  y  at  the  same  time,  they  are  called  simulta- 
neous equations,  the  same  values  of  the  unknowns 
being  taken  in  both  equations.  In  such  a  case  the 
number  of  solutions  is  finite. 

Thus,  if  we  have  the  simultaneous  equations  2#  —  3y 
=  5,  3,r-\-y  =  13,  it  will  be  found  that  the  only  set  of 
values  which  will  satisfy  these  equations  is  x  =  4, 

Again,  the  equations  2#  — y=4,  .r2  —  2xy-\-3yz=9,  the 
former  of  which  is  of  the  first,  and  the  latter  of  the 
second  degree,  will  be  found  to  have  the  two  solutions 

x  =  3,  t/  =  2;    a?= ,   y—— — ;  either  of  which  set 

y  y 

values,  and  no  others,  will  satisfy  the  equations. 

249.  And,  generally,  it  may  be  stated  (as  is  proved 
in  works  on  the  Theory  of  Equations)  that  if  the  two 
equations  in  x  and  y  be  of  the  mth  and  nth  degrees, 
respectively,  the  number  of  solutions  may  be  equal  to, 
but  not  greater  than,  mn. 

Thus   the    number   of    solutions   of    the   equations 
=  6,  ic3  —  3^2/+27/2  =  3,  which  are  of  the  second 
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and  third  degrees,  respectively,  cannot  be  greater  than 
2x3,  or  6. 

250.  It  must  be  carefully  observed  that  the  number 
of  solutions  will  not  be  finite  unless  the  two  simulta- 
neous equations  be  independent.  If,  for  instance, 
one  equation  follows  necessarily  from  the  other,  the 
two  are  really  equivalent  to  one,  and  therefore  the 
number  of  solutions  will  be  infinite. 

For  example,  the  equations  2.r  —  8i/  =  l,  8.c  —  12i/  =  4,. 
have  an  infinite  number  of  solutions,  for  the  second 
equation  is  deduced  by  multiplying  the  sides  of  the 
first  by  4,  and  therefore  there  is  only  one  independent 
equation. 

Again,  the  equations 


have  an  infinite  number  of  solutions,  for  the  second  is 
deduced  from   the  first   by  multiplying   its    sides   by 


251.  The  solution  of  such  simultaneous  equations 
is  effected  by  deducing  from  them  two  other  equations 
involving  each  one  unknown  quantity.  This  process 
is  called  elimination,  and  may  be  conducted  according 
to  one  of  the  following  methods  : 

I.  Substitution. 

II.  Comparison. 

III.  Cross  Multiplication. 

IV.  Arbitrary  Multiplier. 

These  methods  will  be  illustrated,  in  the  first 
instance,  in  solving  simple  equations  of  two  un- 
knowns. 
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METHOD  OF -SUBSTITUTION. 

252.  This  method  consists  in  finding  from  one 
equation  the  value  of  one  unknown  in  terms  of  the 
other,  and  substituting  the  value  so  found  in  the  second 
equation,  which  is  thence  reduced  to  a  simple  equa- 
tion in  one  unknown. 

For  convenience  of  reference  the  given  equations 
and  others  which  arise  in  the  process  of  solution  are 
numbered  (1),  (2),  (3),  &c. 


EXAMPLE. 


(1), 

(2). 


From  (1)  we  find   y=3-x  ......  (3). 

Substituting  this  value  of  y  in  (2)  we  obtain 


x=l. 

This  value  of  x  substituted  in  (3)  gives  2/=2. 
Hence  the  solution  is  a?=l,  2/  =  2. 

EXERCISES,  LIX. 


2. 
8. 
4. 

5. 

6. 
7. 


=29,  6a?-2y=26. 
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8. 


q  ,  -q         ,  _g 

~8~~          2"        '  2"1   ~9~ 

10. 


11.  6a?-ay  =  0,  -+      =2. 
a      b 


a       o  a 


253.  This  method  consists  in  finding  from  each  of 
the  proposed  equations  the  value  of  one  and  the  same 
unknown  quantity  in  terms  of  the  other,  and  equating 
the  ^lues  so  found. 

t* 

EXAMPLE. 
Solve  7a?-8y=19v  ...........  (1), 

4^+7^/=37  ............  (2). 

From  (1)  we  obtain 


3 


and  from  (2)       y—  —  =—  -  ............  (4). 

Equating  these  values  of  y  we  get  a  simple  equation 
in  x, 


~3~          ~T 
whence  a?  =4. 

Substitute  this  value  of  x  in  (3)  or  (4),  and  we  get 
t/=3. 

TJius  the  solution  is  #=4,  2/=3, 

L 
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EXERCISES,  LX. 


2.  3j- 

3.  7.*- 

A 


. 
o 


20 


t 


8 


' 


bx+ay  ax  —  by 

5.  —  =c=  —  —  -  . 

b 


a 


7x+6 

-- 


-  13      By  -  x 


8(8a?-f-4)=10y-16. 

7.  «^+^  =  c,  px+qy=r. 
x-\-\       x  —  1 

9. 


254.  This  method  consists  in  multiplying  the  given 
equations  (reduced  to  their  simplest  forms)  by  such 
quantities  as  will  render  the  coefficients  of  the  same 
unknown  numerically  equal.  By  adding  or  subtract- 
ing the  equations  so  found  we  obtain  a  simple  equation 
in  one  unknown. 

EXAMPLES. 


1.  Solve  7#-9#=29 


(1), 
(2). 

Multiply  (1)  by  4  and  (2)  by  9;  thus 

=ll«  .........  (3), 

......  (4), 
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by  adding  (3)  and  (4)  we  eliminate  y\ 


To  eliminate  cc,  multiply  (1)  by  13  and  (2)  by  7, 
91^-117^=377  .........  (5), 

91a?+S!8y   =812  .........  (6); 

subtract  (5)  from  (6), 


y=3. 
Thus  the  roots  are  8,  3. 

2.  Solve         15#+4?/=54  ............  (1), 

13x-6y=*Gl  ............  (2). 

Here,  in  order  to  eliminate  y,  we  may  multiply  (1) 
by  3,  and  (2)  by  2,  3  and  2  bearing  the  same  proportion 
to  each  other  as  6  and  4  ;  thus 

45^+12^  =  162  ............  (3), 

26#-12?/=122  ............  (4). 

Add  (3)  and  (4), 

7Lr=284, 

a?==4. 

To  eliminate  a?,  multiply  (1)  by  13,  and  (2)  by  15,  and 
subtract  the  equations  so  found, 

1427/=-213, 

3 

w=  -- 
2 

8.  Solve        ~-~  =- 


-. 
Sy      6 

23 
6" 


by  first  finding  - ,  - . 
x    y 


164 


ELEMENTS  OF  ALGEBRA. 


Here,  in  order  to  eliminate  y,  it  is  only  necessary 
divide  (2)  by  3, 

!_    JL    ??. 

8#      3y  "  18  ' 
and  subtract  from  this  (1), 

JL    JL.  ??_Z 

Q/v.          4^>          I  ft     ~  A  ' 
O«*'  ^tit/  -LO  VI 

3 

To  eliminate  x  divide  (2)  by  4,  and  let  from 

whence  we  obtain  y——-. 

255.  Instead  of  using  either  of  the  proposed  equa- 
tions we  may  use  any  equation  derived  from  them 
which  has  smaller  numerical  coefficients,  as  in  the 
following 

EXAMPLE. 

Solve  16#  — 157/  =  —  88 (1), 

12.z  —  13y=  —46 (2). 

Subtracting  (2)  from  (1),  we  obtain. 


or,   2^—  ?/  =  4 (3). 

Equation  (3)  may  be  used  instead  of  either  of  the 
proposed  equations,  as  (1) ;  thus  we  have  to  determine 
x  and  y  from  the  equations 


2#  —  y     =     4. 
Eliminating  as  before  we  obtain  x=7,  y=10. 

EXERCISES,  LXI. 


.2.  a»-7y=ll,  6a?-8y=ll. 
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__=1    . 

'  4       2  "     '  12       6 


5. 

6.  96a?+75y  =  102,  92a?+80y=101. 
,  7.  x-\-y=a-\-b,  bx-{-ay=%ab. 

8.  # 

9.  a 
10.  rt 


METHOD   OF  AKBITRARY   MULTIPLIER. 

256.  This  method  consists  in  multiplying  either 
of  the  proposed  equations  by  an  arbitrary  multiplier 
m,  then  adding  the  other  equation  to  the  equation  so 
found,  equating  to  zero  the  coefficient  of  y  and  solving 
for  x,  or  the  coefficient  of  x  and  solving  for  y  ;  the 
value  of  m  corresponding  to  each  case  being  found 
from  the  coefficient  which  is  equated  to  zero. 

EXAMPLE. 

Solve  4x+5y  =7  ............  (1), 

8a?-10y=19  ............  (2). 

Multiply  (2)  by  m,  and  add  to  (1)  ;  thus 

.........  (3). 


Equation  (3)  is  true  for  all  values  of  m,  and  therefore 

for  that  value  which  makes  5  —  10m  =  0,  or  m=  =;  in 

2i 

which  case  (3)  becomes 

' 


#=3. 
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X 

Equation  (3)  is  also  true  for  that  value  of  m  whi( 

4 
makes  4  +  3??i=0,  or  m=  —  -,  in  which  case  (3)  becomes 


, 

o 


76 


«/=-!. 
EXERCISES,  LXIL 


2. 
3. 
4. 

5. 


8  31 

6.  ax-\-by=c,  mx-\-ny=p. 

t7  /V*^V.  t  AA«     4-^t  I  AA  I  ftf 

8. 


m  —  x        — 


p-\-y 


SIMULTANEOUS  EQUATIONS  OF  THE  FIEST 
DEGREE  CONTAINING  THKEE  UNKNOWNS. 

257.  When  three  independent  equations  containing 
three  unknowns  are  given,  the  number  of  sets  of 
solutions  depends  on  the  degree  of  each  equation, 
and  (as  is  proved  in  the  Theory  of  Equations)  may  be 
equal  to  but  not  greater  than  the  product  of  the 
numbers  expressing  the  degrees  of  the  three  equa- 
tions. 

Thus,  if  each  equation  be  of  the  first  degree,  there 
will  be  only  one  solution  ;  if  the  first  equation  be  of  the 
first  degree,  the  second  equation  of  the  second  degree 
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and  the  third  equation  of  the  third  degree,  the  number 
of  solutions  may  be  equal  to,  but  not  greater  than, 
1x2x3,  or  6;  and,  generally,  if  the  first  equation  be 
of  the  mih,  the  second  equation  of  the  wth,  and  the 
third  equation  of  the  pih  degree,  the  number  of  solu- 
tions may  equal,  but  not  exceed,  mnp. 

,If  the  three  equations  be  not  independent,  that  is, 
if  'one  of  them  be  deducible  from  the  other  two,  or  if 
two  of  them  be  deducible  from  the  remaining  one,  it 
will  follow,  as  in  the  case  of  two  unknowns,  Art.  250, 
that  the  number  of  solutions  will  be  infinite. 

258.  If  the  three  given  equations  are  of  the  first 
degree,  the  values  of  the  unknowns  may  be  found  by 
eliminating  one  of  them  between  the  first  and  second 
equations,  and  also  between  the  first  and  third,  or 
second  and  third;  whence  we  shall  obtain  two  equa- 
tions involving  only  two  unknowns,  which  may  be 
found  by  previous  methods.  The  value  of  the  third 
may  be  found  by  substitution. 

EXAMPLE* 
Solve        2x+3y+4z=2Q  ............  (1), 

(2), 
(3). 


Here  z  is  eliminated  from  (1)  and  (2)  by  adding  (I) 
to  twice  (2);  thus, 


(4). 


Also  *  is  eliminated  from  (2)  and  (8)  by  adding  five 
times  (2)  to  twice  (3)  ;  thus 


72/  =  12  ...............  (5). 

From  (4)  and  (5)  we  obtain  x=l,  y=Z. 
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Substitute  these  values  in  any  one  of  the  proposed 
equations,  and  we  obtain  #  =  3. 

Thus  the  solution  is  ay=l,  2/=2,  £=3. 


259.  By  the  following  method  of  Cross  Multipli- 
cation we  can  eliminate  two  of  the  unknowns  at  the 
same  time  by  multiplying  the  given  equations  by  cer- 
tain quantities,  and  adding  the  derived  equations. 

Let  the  given  equations  be 

1  =  0  ......  (1), 


.=0 (3). 

To  eliminate  y  and  z  multiply  (1)  by  bac8  —  btca,  (2)  by 
b3Ci  —  bjC3,  and  (3)  by  b^  —  b^c^  and  add  the  equations 
so  found.  The  coefficients  of  y  and  z.  in  the  resulting 
equation  vanish,  and  we  obtain 


s  ~  Va)  +  ^2  (  Vi  -  b  i 
whence  x  is  found. 

* 

To  eliminate  z  and  x  the  system  of  multipliers  for  (1), 
(2),  (3)  will  be  azcz  —  azc^  a^  —  a^  a^c^—a^;  and  to 
eliminate  x  and  y  they  will  be  a^b3  —  aa&2,  a^—a^ 


260.  When  the  proposed  equations  have  numerical 
coefficients,  it  will  be  found  convenient  to  obtain  the 
numerical  values  of  the  multipliers  and  determine 
their  proper  signs  by  trial. 

EXAMPLE. 
Solve  %x  —  3y-\-z=l (1), 
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To  eliminate  y  and  z,  the  multipliers  for  the  three 
equations  are  formed  from  the  second  and  third 
columns,  and  are  —5  (  —  3)  —  2x4,  —3  (  —  3)  —  2x1, 
—  3x4—  (  —  5)xl,  whose  values  are,  without  regard 
to  sign  7,  7,  7.  These  may  be  replaced  by  the  three 
numbers  in  the  same  ratio,  1,1,1.  To  determine  the 
proper  signs,  we  apply  these  multipliers  to  the  coeffi- 
cients of  y  or  z,  and  add,  when  the  sum  should  be 
zSro.  Here,  taking  the  coefficients  of  t/,  we  evidently 
have  -1  (-3)  +  l  (-5)  +  !  x2  =  0,  and  therefore  the 
proper  multipliers  are  —1,  1,  1. 

Multiply  (1),  (2),  and  (3),  therefore,  by  -1,  1,  1, 
respectively,  and  add.  The  coefficients  of  y  and  z  in 
the  resulting  equation  vanish,  and  we  obtain 


*=  3. 

To  eliminate  x  and  z,  the  multipliers  are  formed 
from  the  first  and  third  columns,  and  are,  without 
regard  to  sign,  25,  10,  5,  which  may  be  replaced  by 
5,  2,  1,  in  the  same  ratio.  Apply  these  to  the  coeffi- 
cients in  the  first  column,  and  evidently  the  first  mul- 
tiplier should  be  —5,  in  order  that  the  sum  of  the 
products  should  be  zero.  Multiply  (1),  (2),  (3),  there- 
fore, by  —5,  2,  1,  and  we  obtain 

7y=14, 
y=  2. 

Finally  to  eliminate  x  and  y,  the  proper  multipliers 
are  found  from  the  first  and  second  columns  to  be  26, 
16,  1.  Applying  these  to  the  three  equations,  we 
obtain 


*=  1. 
Hence  the  solution  is  #=3,  y=2,  «=1. 
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EXERCISES,  LXIII. 


2.  5^- 


3.  4^- 

4.  7#- 

5.  8a?- 
6. 


=  30,  9*/-5z=34,  x+y+z=S3 


_-_ 

'  I   TT 


9. 
10. 
11. 


=&,  x-\-y=c. 


—z=  c. 


12.     ++=l,     ++=l,     ++=l. 
a&c          ac6  b     a     c 


PROBLEMS  LEADING  TO  SIMPLE  EQUA- 
TIONS, WITH  TWO  OR  MORE  UNKNOWN 
QUANTITIES. 

261.  When  there  are  two  or  more  unknowns  in   a 
problem   to  be  determined,  and  they  are  not  imme- 
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diately  expressible  in  terms  of  one  unknown,  as  in 
the  cases  referred  to  in  Art.  209,  they  must  be  re- 
presented by  distinct  symbols.  The  conditions  of 
the  problem  being  then  translated  into  Algebraical 
language  will  lead  to  a  corresponding  number  of  in- 
dependent simultaneous  equations,  the  solution  of 
wh^-ch  will  give  the  values  sought. 


EXAMPLES. 

1.  What  fraction  is  that  which  becomes,  when  its 
numerator  is  increased  by  7,  equal  to  f,  and  when  its 
denominator  is  increased  by  10,  equal  to  £  ? 

Let  x  denote  the  numerator,  and  y  the  denominator 
of  the  fraction.  If  the  numerator  x  be  increased  by 
7,  the  denominator  remaining  unchanged,  the  fraction 

becomes  -    —  ;  and  if  the  denominator  y  be  increased 

V 
by  10,  the  numerator  remaining  unchanged,  the  frac- 

tion becomes  —  -  —     Hence,  by  the  conditions  of  the 

y+10 
problem, 


x 


H-19    2' 

the  solution  of  which  is  #=11,  2/=12. 

The  fraction  is,  therefore  — 

12 

2.  There  is  a  number  consisting  of  two  digits,  which 
exceeds  five  times  the  digit  dn  the  unit's  place  by  6 ; 
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and  if  27  be  added  to  it,  the  sum  will  be  expressed  by 
the  same  digits  in  an  inverted  order. 


II 

Let  x  be  the  digit  in  the  place  of  tens,  and  y  the 
digit  in  the  place  of  units. 

By  the  first  condition  of  the  problem  we  have 


and  by  the  second  condition, 


From  these  two  equations  we  find  #=3,  27 =6. 
Therefore  the  number  sought  is  36. 

4 

3.  A  and  B  can  do  a  piece  of  work  in  6  days  ;  A 
and  C  can  do  it  in  9  days,  and  A,  B,  C  can  do  8  times 
the  same  work  in  45  days.  In  what  times  can  they 
do  it  separately  ? 

Let  x,  y,  and  z  denote  the  numbers  of  days  in  which 
A,  B,  and  C,  respectively,  can  do  the  work  w. 


WWW 


Then,  since  — ,  — ,  —  are  the  amounts  of  work  done 
a>     y    x 

by  them  separately  in  one  day,  we  have  by  the  condi- 
tions of  the  problem 


w  ,  w  _  w 
x       y       6 


w   .  w  _  w 
x       z*     9 


x 


y 


w 

z 


;,-£,• 

45 
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These  equations  become,  on  dividing  by  iv, 


!+!  =  !  ......  (2) 

ax    9 


++=.   .....  (3) 

a?     ?/     z     45 

By  subtracting  (1)  and  (2)  from  (3),  we  find  1  =  _1., 

#     90 

and  -  =  —  ,  the  reciprocals  of  which  give  2=90,   and 

y     15 

?/  =  15.     The  value  of  x  is  then  found,  by  substitution, 
to  be  10. 

EXERCISES,  LXIV. 

1.  Find  two  numbers,   such  that  the  sum  of   the 
first  and  half  the  second  shall  be   19,  and  the  sum  of 
the  second  and  half  the  first  shall  be  20. 

2.  A  number   composed  of  two  digits    is   equal   to 
seven  times  its  unit's  figure  ;  and,  if  the  digits  be  re- 
versed, its  value  is  increased  by  18.      Required  .the 
number. 


3.  If  the  numerator  of  a  certain  fraction  be  increased 
by  2,  its  value  becomes  one-half;  but  if  the  numerator 
be  diminished  by  2,  the  value  of  the  fraction  is  one- 
fourth.     What  is  the  fraction  ? 

4.  Three  numbers  are  required  whose  sum  shall  be 
22  ;  the  sum  of  the  first  and  third  to  exceed  twice  the 
second  by  unity ;  and  four  times  the  first,  three  times 
the  second,  and  twice  the  third   added    together,  to 
make  69. 
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5.  Find  two  numbers  such  that  twice  the  first  and 
three  times  the  second  shall  together  make  18  ;  and,  if 
double  the  second  be  taken  from  five  times  the  first,  7 
shall  remain. 

6.  A  cistern  supplied  by  two  taps  is  filled  by  both 
together  in  50  minutes ;  after  both  had  been  open  to- 
gether for  35  minutes,  one  is  closed,  and  the  cistern  is 
found   to    be  full   27    minutes  afterwards.      In  what 
time  would  each  tap  fill  the  cistern  ? 

7.  A  man  being    asked  what  money  he  possessed 
replied  that  he  had  three    sorts  of  coin,  namely,  half- 
crowns,  shillings,  and  sixpences  ;  the  shillings  and  six- 
pences together  amounted  to  409  pieces,  the  shillings 
and  half-crowns  to  1,254  pieces;  but  if  42  was  sub- 
tracted from  the  sum  of  the  half-crowns  and  sixpences, 
there  would  remain  1",103  pieces.     What  sum  did  the 
man  possess  in  all  ? 

8.  A  courier  travelled  a  distance  of  240  miles  in  four 
days,  diminishing  his  rate  of  travelling  each  day  alike  ; 
during  the  first  two  days  he  travelled  136  miles.     What 
number  of  miles  did  he  travel  on  each  day  respectively  ? 

9.  A  and  B  can  do  a  piece  of  work  in  2  days ;  A 
and  C  can  do  four  times  as  muc*h  in  9  days ;  A,  B, 
and  C  can  do  eleven  times  as  much  in  18  days.     In 
how  many  days  can  each  do  it  separately  ? 

10.  The  ten's  digit  of  a  number  is  less  by  2  than 
the  unit's  digit ;  and,  if  the  digits   are  inverted,  the 
new  number  is  to  the  former  as  7  to  4.     Find  the 
digits. 

11.  The  sum  of  three  numbers  is  (p-fl)  (q+l)n;  the 
Bum  of  the  two  larger  is  equal  to  pf  .times  the  smallest, 
and  the  sum  of  the  two  smaller  to  q  times  the  largest. 
Find  the  numbers. 
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12.  At  an  examination  there  were  17  candidates,  of 
whom  some  were  passed,  some  sent  back  in  one  subject, 
and  the  rest  rejected.     If  one  less  had  been  rejected, 
and  one  less  sent  back,  the  number  of  those  passed 
would  have  been  twice  those  rejected,  and  five  times 
those  sent  back.     How  many  of  each  class  were  there  ? 

13.  There  are  two  numbers  in  the  proportion  3:5; 
if  io  be  added  to  the  first,  and  subtracted  from  the 
second,  the  proportion  is  reversed.     Find  the  numbers. 

,14.  Find  three  numbers,  such,  that  one-half  the  first, 
one-third  the  second,  and  one-fourth  the  third,  together 
shall  be  equal  to  62  ;  one-third  of  the  first,  one-fourth 
of  the  second,  and  one-fifth  of  the  third  equal  to  47  ; 
and,  finally,  one-fourth  of  the  first,  one-fifth  of  the 
second,  and  one-sixth  of  the  third  equal  to  38. 

15.  A  man  has  two  casks,  each  containing  a  quantity 
of  wine.     From  the  first  he  pours  into  the  second  as 
much  as  is  already  there ;  from  the  second  he  pours 
back  into  the  first  as  much  as  is  already  there ;  and, 
finally,  from  the  first  he  pours    into   the   second    as 
much   as   is  already  there :  .  he   then  finds   there  are 
80  quarts  in  each.     How  many  were  in  each  origin  - 
ally? 

16.  A  number  consists  of  two  digits  whose  sum  is 
12,  and  such  that,  if  the  digits  be  reversed  in  order, 
the  number   produced  will    be  less  by  86.     Find  the 
number. 

17.  A,  B,  and  C  sat  down  to  play,  and  found  when 
they  stopped  that  they  each  had  the   same  amount  of 
money.     When  they  commenced,  A  had  £11  8s.   less 
than  B  and  G  together ;   he   now  finds  he    has  lost 
£21    4s.,    that   B    and    C   have    won    £18    14s.    and 
£2    10s.,  respectively.     With  what   money    did    each 
begin,  and   with   how   much   did   they  conclude    the 
game? 
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18.  A  cistern  can  be  filled  from  three  different 
cocks.  If  the  first  and  second  run  together,  it  will 
be  filled  in  33 £  minutes  ;  if  the  first  and  third  run 
together,  in  36  minutes  ;  if  the  second  and  third  run 

together,  in  40^  minutes.     How  long  will  it  take  for 
each  separately,  and  for  all  running  together  ? 


19.  A  silversmith  has  two  alloys  of  silver  ;  he  melts 
10  ounces  of  the  first  with  5  ounces  of  the  second, 
and  produces  an  alloy,  the  fineness  of  which  is  687£ 
per  rnille  ;  again,  he  melts  7£  ounces  of  the  first  with 
l£  ounces  of  the  second,  and  produces  an  alloy 
which  is  625  per  mille  fine.  YThat  is  the  finenes 
each  kind  ? 


20.  Three  towns,  A,  B,  and  C,  are  at  the  angles  of 
a  triangle.  From  A  to  C,  through  B,  the  distance  is 
82  miles  j  from  B  to  A  through  C,  is  97  miles  ;  and 
from  C  to  B,  through  A,  is  89  miles.  Find  the  direct 
distances  through  the  towns. 


21.  The  diameter  of  a  five-franc  piece  is  37  milli- 
metres, and  of  a  two-franc  pie£e  is  27  millimetres.  Thirty 
pieces  laid  in  contact  in  a  straight  line  measure  one 
metre  exactly.  How  many  of  each  kind  are  there  ? 


22.  A  man  invested  £2,000  in  cottages;  a  certain 
number  were  then  -burnt  down ;  but,  in  consequence  of 
their  having  been  insured,  the  loss  in  each  cottage  was 
only  10  per  cent,  on  its  cost  price,  and  was  also  found 
to  be  at  the  rate  of  £10  on  each  cottage  bought ;  some 
time  after  the  remainder  were  sold  20  per  cent,  dearer 
than  they  had  been  bought,  and  the  total  gain  was 
£100.  How  many  cottages  were  originally  bought, 
and  how  many  were  burnt  ? 
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SIMULTANEOUS  EQUATIONS,  WHEREOF 
ONE  IS  OF  THE  FIRST  DEGREE  AND 
THE  OTHER  OF  THE  SECOND  DEGREE 
IN  TWO  UNKNOWNS. 

^262.  Let  the  general  equation  of  the  second  de- 
gree be 

ax*+bxy+ cy*+ dx+ <?t/-{-/=±0. ,, . . .  (1), 

and  of  the  first  degree 

<f (2). 


In  order  to  solve  these  equations  we  substitute  in 
for  one  unknown,  as  y,  its  value  in  terms  of  x 
derived  from  (2);  (1)  thus  becomes  a  quadratic  in  x, 
and  has  two  roots.  By  substituting  these  values  of  x 
in  (2)  we  get  two  corresponding  values  for  y. 

EXAMPLE. 

8olve  8a>»-6sy-Hi/*-2a?-2y+2  =  0 (1), 

6o?-2?/=10  (2). 

From  (2)  we  find    y  =  3.»-5  (3); 

substituting  this  value  for  y  in  (1),  we  obtain 

11^-98x4-112=0, 

g 

the  rootS  of  which  are  ^  and  2. 

o 

Substituting  these  values  for  x  in  (3),  we  find  the 
corresponding  values  of  y  to  be  3  and  1. 

Q 

The  required  solutions  are,  therefore,  x=  -,  #  =  3; 

o 

and  #~2,  y  —  l. 

263.  For  certain  forms  of  the  general  equation   of 
the  second  degree  in  x  and  y  the  preceding  method 
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may   be   advantageously   replaced    by  others.      The 
various  artifices  are  exhibited  in  the  following 


EXAMPLES. 


I.  Solve 


(1), 
(2). 


In  this  case,  squaring  (1)  and  subtracting  4    times 
(2),  we  get 


extract  the  square  root 

a?-y=±12 (3). 

Combining  (1)  and  (3)  by  addition  and  subtraction 
we  obtain,  if  +12  be  taken  in  (3),  x  =  13,  y  =  l;  and,  if 
—  12  be  taken,  a?=l,  2/  =  13. 

The  same  method  will  answer  when"  the  first  member 
of  the  first  equation  is  x  —  y,  or  mx-\-ny.  In  the  latter 
case  (2)  is  multiplied  by  4mn9  and  then  subtracted  from 
the  square  of  (1). 


2.  Solve    8or!-22^+157/2=5  .........  (1), 

2x-3y=l  .........  (2). 

Here  (1)  is  equivalent  to 

=  5  .........  (3); 


substituting  in  (3)  for  2x  —  3y  its  value  from  (2),  (3) 
becomes 

4a?—  5y=5  ............  (4). 

From  (2)  and  (4)  we  find  a?=5,  y  =  8. 

There  is,  therefore,  only  one  solution  in  this  case. 
That  this  must  be  so  may  also  be  seen  by  substituting 
in  (1)  for  one  unknown  its  value  from  (2),  when  (1)  is 
reduced  to  a  simple  equation  in  one  unknown. 
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3.  Solve      4^+12.n/+9*/2  =  64  .........  (1), 

8a?-y  =  l   .........  (2). 

Here  the  left  hand  side  of  (1)  is  a  perfect  square; 
therefore  2x+3y=±S  .........  (3). 

Combining  (2)   and   (3),  we   find  o?=l,  y  =  2;    or 
5  26 

Or*  -    _     _  .  ft!  -    _ 

IT  y      ir 


4.  Solve          a?-2xy+yz  =  $  ............  (1), 

2<c-y=4  ............  (2). 

From  these  two  equations  we  may  derive  an  equa- 
tion whose  first  member  shall  be  a  perfect  square,  as 
follows  : 

Multiply  (1)  by  m,  and  add  to  square  of  (2)  ;  thus 


In  order  that  the  left-hand  member  of  (3)  may  be  a 
perfect  square  we  must  have,  by  Art.  242, 

(ro+2)8=(w+4)  (8 
9 


or,  m=  —     . 


9 

If,  therefore,  (1)  be  multiplied  by   —  -,  and  added 

B 

to  the  square  of  (2),  we  will  get 


the  left-hand  member  of  which  is  a  perfect  square  ; 
therefore  x  —  5y=  ±7  ............  (4). 

Combining  (2)   and  (4)  we  find  x=  -—  ,  y=  --  — 

y  y 

M2 
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5.  Solve 


-(I). 

.(2). 


Divide  (1)  by  y,  and  write  u  for  - ;  (1)  and  (2)  may 

y 
then  be  written. 


These  may  now  be  solved  by  the  method  of  Ex.  1, 

EXERCISES,  LXV. 
1.  #+y=12,  anj=ll. 

3. 

4.  8a?+2y=14,  xy  = 

5H  ">*  ...  r*?y  —  I  A.       nwi  — — 
•       \.JtJU  ^^  ij  if  — —  X  Tt  ^       ^^f  ""^ 

6. 

7. 

8. 

9. 
10. 
11. 
12. 

*l  O          &.  2 

JLO«    *i/    " ~"  ^   —— 

14. 

15.  16^= 

I  i)       4- /T*    ---  f- 1 7 /  "~*    |         /T"7y  — 

/y«  fit 

«„     ^         ^   _       a; 

i/        iC         4' 
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18.  x-\-y=a,  xy  =  b. 

19.  x  —  y=a,  xy=b. 

20.  #2+2/2  =  a2,  x+y=b. 

21.  x*+y*=a*>  x-y  =  b. 


23.  ax  —  by=p,  xy=q. 

SIMULTANEOUS  EQUATIONS,  S0ME  OF 
WHICH  ARE  OF  THE  SECOND  DEGREE 
IN  THREE  UNKNOWNS. 

264.  The  following  examples  will  illustrate  the 
methods  of  proceeding  to  solve  equations  of  this 
class. 

1.  Solve    x+2y+3z=U  ............  (1), 

2xy+3xz=13  ............  (2), 

2/*  =  6  ............  (3). 

Here  (2)  may  be  written 


If  now  we  write  u  for  2i/-f  82,  (1)  and  (2)  may  be 
written 


from  which  we  find  o?=l,  u  =  13;  or  #=13,  u=l. 

Choosing   the  former    solution   we  have  from   (2) 
and  (3), 

2i/+3*=13  ...............  (4), 

y*=6  ...............  (5). 

Square  (4),  subtract  24  times  (5),  and  extract  the 
square  root, 

(6). 
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Combining  (4)  and  (6)  we  find  #=2,  2  —  8;  or  y  =  -n, 

a 

4  94 

*=  Q.     Thus  we  have  the  solutions  1,  2,  3;  1,  --,  -; 
o  2i    o 

and  by  taking  #=13,  «=!,   we  would  get  two  other 
solutions. 


2.  Solve 


(2), 
(3). 


Add  the  sum  of  (1)  and  twice  (2)  to  twice  (8)  ;  th 


(4). 

If  now  u  be  written  for  y-\-z,  (4)  and  (2)  may  be 
written 


and  the  solution  is  effected,  as  in  Ex.  1. 

3.  Solve     ^+2/2+*2=HO  ............  (1), 

x+y+z=  18  ............  (2), 

yz=  30  ............  (3). 

Add  (1)  to  twice  (3); 

a*+(y+z?  =  170  .........  (4). 

If  now  we  write  u  fory-\-z,  (4)  and  (2)  may  be  written 
a?+M3  =  170  ...............  (5), 

x  +u  =18  ...............  (6). 

From  the  square  of  (6)  subtract  (5), 


and  the  solution  follows  as  before. 
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4.  Solve         yz=a*  .....................  (1), 

zx=W  .....................  (2), 

xy=#  ..............  .......  (3). 

Multiply  together  (1),  (2),  and  (3)  ;  thus, 


xyz=±abc    .........  (4). 

Dividing  (4)  by  (1),  (2),  (3),  we  obtain  the  two  solutions 

be       ca       ab  be  ca  ab 

a'i'c'          a  '  6  '         c 


EXERCISES,  LXVI. 
=U,  x+y+z=6,  yz  =  Q. 


S.  zy=I2,  2/^=20,  zx=l5. 
4. 


7.  ^+^+^=38,  -  +  --  +  -  +  -i 

x     y      z      xyz 

8.  2z=a 


10.  x=ayz,  y=bzx,  z=txy. 

265.  Equations  which  do  not  come  under  the  head 
of  those  already  discussed  can  sometimes  be  solved 
by  previous  mpthorK  if  special  artifices  are  adopted 
to  transform  the  equations  into  simpler  forms.  Some 
of  these  artifices  are  exhibited  in  the  following  ex- 
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amples.  The  successful  application,  however,  of  such 
artifices  can  only  be  acquired  by  long  experience;  and 
the  student  is  recommended  not  to  spend  too  muck 
time  at  such  exercises. 


1.  Solve 


=   7 


(1), 
..(2). 


Whenever,  as  in  this  case,  all  the  terms  involving^ 
the  unknowns  are  of  the  second  degree,  assume  y— 
(I)  and  (2)  then  become 


dividing  (8)  by  (4),  and  clearing  of  fractions,  we  obtains 
78^+31^-35=0, 

the  roots  of  which  are  _  and  — . — 

2  39 

Substituting  these  values  successively  m  (3)>  or  (4) 
we  get        x= ±2,  and  therefore  y=  + 1 ; 

or  »=  ±*?  V 15,  and  therefore  y=  ±1 V 15. 
ID  9 


2.  Solve 


V  —  -f8=6^+20y  ........  .(1), 


y 


.....  ......  (2). 


Here  (2)  is  homogeneous  and  of  the  second  order 
In  such  a  case  the  ratio  of  x  to  y  can  always  be  deter- 
mined.    Thus  let  y—rxj  and  substitute  in  (2)> 
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ra-10r+16  =  0, 
r=8,  or  2. 
Therefore  y=8x,  or  y  =  2#. 

;  Substitute  either  of  these  values  in  (1)  and  a  qua- 

dratic in  x  results. 

• 

8.  Solve  aMY=183  .........  (1), 

x+V=     1  .........  (2). 

Assume  x=u-}-tt  y=u  —  v  ;  (1)  and  (2)  then  become 


2w=7  .........  (4). 

Substitute  for  u  in  (3)  its  value  I.  and  we  obtain 

£ 

-4 

Whence  the  values  of  a?  and  i/  may  be  found. 

4.  Solve  tf8+2/8=18^  ............  (1)> 

12    ............  (2). 


Assume  x+y=u,  xy—v\  (1)  and  (2)  may  then  be' 
written  u*—  8uv  =  18v  ............  (3), 


w=12  ............  (4), 

Substituting  for  u  in  (3),  we  find 
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Hence 


•(6), 


the  solutions  of  which  can  be  effected    by  previous 
methods. 

EXERCISES,  LXVII. 


2. 
3. 

4. 

5.  a?-f= 

6.  42/a  = 

07  .   V      29 


„ 

7. 


8. 


-_, 

y    x    10 


o? 


9A        O        v  • 

.  _  —  _  =  &,  xy  — 

x   y 


11.  a«/- 

12.  ^-2^-t/2=31, 
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PKOBLEMS. 

266.  In  the  following  examples  and  exercises  the 
statement  of  the  conditions  of  the  problem  will  lead 
to  simultaneous  equations,  one  or  both  of  which  may 
be  of  a  higher  order  than  the  first. 

1.  A  number  consists  of  two  digits  whose  sum  is 
10,  and  such  that,  if  it  be  multiplied  by  the  differ- 
ence of  its  digits,  the  product  will  be  128.  Find 
the  number. 

Let  x  denote  the  digit  in  the  ten's  place,  and  ?/  the 
digit  in  the  unit's  place.  Then  the  number  is  Wx+y. 

Hence  by  the  conditions  of  the  problem, 

x+y=W (1), 

(IQx+y)  (x-y)  =  128 (2); 

whence  we  obtain  #=6,  2/=4. 

i 
Hence  the  required  number  is  64 


2.  Two  porters  A  and  B  drink  from  a  cask  of  beer 
for  2  hours,  after  which  A  falls  asleep  and  B  drinks 
the  remainder  in  2  hours  and  48  minutes ;  but  if  B 
had  fallen  asleep  and  A  had  continued  to  drink,  it 
would  have  taken  him  4  hours  and  40  minutes  to  finish 
the  cask.  In  what  time  would  they  be  able  to  drink  it 
separately  ? 

Let  x  and  ?/  denote  the  numbers  of  hours  it  would 
take  A  and  B  respectively  to  finish  the   cask,  contain- 
ing g  gallons  ;  then  -'-^  represent  the  quantities  which 
x  y 
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they  respectively  drink  in  one  hour.     Hence  the  quan- 
tity remaining    after    two    hours'  joint    drinking    is 

22  a 

g(l  —  -  —  -);  and  if  this  be  divided  by  J-  it  will   give 

x    y  y 

the  number  of  hours  in  which  B  would  drink  it   alone. 
Therefore  by  the  conditions,  of  the  problem 


These  equations  are  equivalent  to 

5xy-10y=24;x (3), 

Qxy-   6#=2(ty (4), 

from  which  we  find  #=10,  y=6. 

8.  Bought  different  kinds  of  cloth  for  £6  10s.  at  10s. 
and  12s.  per  yard ;  but  if  the  cost  per  yard  of  each 
kind  of  cloth  had  been  exactly  equal  to  the  number  of 
yards  purchased,  the  cost  would  have  amounted  to 
£3  14s.  only.  How  many  yards  of  each  kind  were 
purchased  ? 

Let  x  and  y  represent  the  numbers  of  yards  purchased 
at  12s.  and  10s.  respectively ;  then  by  the  conditions 
of  the  problem 


QB  — 


(1), 

a?+    y*=  74 (2). 

Solving  these    equations  we  find    x=5,  y—l\    or, 
475  223 


61 


?/= 

J       61 
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EXERCISES,  LXVIII. 

1.  There  is  a  number  consisting  of  two  digits,  whose 
product  is  equal  to  twice  their  sum  ;  but  if  the  digits 
be  inverted,  the  number  will  exceed  the   sum  of  its 
digits  by  54.     What  is  the  number  ? 

2.  Find  two  numbers  such  that  their  sum  shall  bo 
60,  and  the  sum  of  their  squares  1808. 

8.  Find  two  numbers  whose  product  shall  be  272, 
and  the  sum  of  squares  545. 

4.  Find  two  numbers  whose  product  shall  be  26  £, 
and  the  difference  of  whose  squares  shall  be  44. 

5.  The  difference  of  the  sides  of  a  rectangular  field, 
whose  area  is  one  acre,  is  found  to  be  33  yards.     Cal- 
culate the  sides. 

6.  Divide  the  number  29  into  two  parts,  such  that 
the  sum  of  their  cubes  shall  be  7859. 

7.  Find  two   consecutive    numbers   such    that    the 
cube  of  the  greater  shall  exceed  the  cube  of  the  less 
by  271. 

8.  Two    cubical   vessels  together    hold    407    cubic 
inches  ;  when  one  vessel  is  placed  on  the  other,  the 
total  height  is  11  inches.     Find  the  contents  of  each. 

9.  Find  two  numbers  such  that  their  sum,  product, 
and  difference  of  squares  shall  be  equal  to  each  other. 

10.  Find  two  numbers  such  that  their  sum,  product, 
and  the  sum  of  their  squares  shall  be  equal  to  each 
other. 
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11.  There  are  two  numbers  whose  product  is  equal 
to  the  difference  of  their  squares,  and  the  sum  of  whose 
squares  is  equal  to  the  difference  of  their  cubes.     Find 
the  numbers. 

12.  There  are  two  numbers  the  sum  of  whose  squares 
is  170,  and  such  that  their  product  exceeds  their  sum 
by  59.     Find  the  numbers. 

13.  A  number   consists  of  two  digits,  the  difference 
of  whose  squares  is  40  ;   and,  if  it  be  multiplied  by  the 
number  consisting  of  the  same  digits  taken  in  reversed 
order,  the  product  will  be  2701.     Find  the  number. 

14.  A  number   consists  of  two  digits  whose  product 
is  G,  and  such  that  the  difference  between  the  square 
of  the  number  and  the  square  of  the  number  consisting 
of  the  same  digits   in  reversed  order  is  equal  to  495. 
Find  the  number. 

15.  Find  a  fraction,  the  sum  of  whose  numerator 
and  denominator  is  11,  and  such  that  if  it  be  taken 
from   another    fraction   whose    numerator   and   deno- 
minator are   each  greater  by   2,   the    difference   will 

be  -1. 
24 

16.  The  sum  of  the  squares  of  the  numerator  and 
denominator  of  a  fraction  is  389,  and  the  difference  of 

1 80 

the  fraction  and  its  reciprocal  is  -  1_.    Find  the  fraction. 

170 

17.  There  is  a  number  such  that  if  63  be  subtracted 
from  it,  its  digits  will  be  inverted  ;  and  if  it  be  multi- 
plied by  the  sum  of  its  digits,  the  product  will  be  1012, 
Find  the  number. 


18.  A  number  consists  of  two  digits  ;    if  these '  be 
reversed  in  order,  and  the   two    numbers   multiplied 
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together,  the  product  is  8722 ;  and  if  the  first  number 
be  divided  by  the  second,  the  quotient  is  1,  and  the 
remainder  consists  of  one  figure.  What  is  the 
number  ? 

19.  Find  two  numbers  such  that  their  sum  multi- 
plied by  the  sum  of  their  squares  shall  be  272,  while 
their  difference  multiplied   by  the  difference  of  their 
squares  shall  be  32. 

20.  A  person  has  £13,000,  which  he  divides  into 
two  parts,  and    placing  each   at  interest  receives  an 
equal  income.     If  he  placed  the  first  sum  at  the  rate  of 
interest  of  the  second,  he  would  receive  £360  income  ; 
and  if  he  placed  the  second  sum  at  the  rate  of  the  first, 
he  would  receive  £490  income.      What    are  the  two 
sums,  and  what  the  rates  of  interest  ? 

21.  There  is  a  fraction  such  that  if  the  numerator 
be  increased  and  the  denominator    diminished  by  2, 
the  reciprocal  of  the  fraction  will  be  the  result ;  while 
if  the  numerator  be  diminished,  and  the  denominator 
increased  by  2,  a  result  will  be  obtained  less  than  the 

1  fi 

reciprocal  by What  is  the  fraction  ? 

15 

22.  If  £300  be    laid    out    at  simple  interest  for  a 
certain  number  of  years,  it  will  amount  to  £360.     If 
the  same  be  allowed  to  remain  two  years  longer,  and 
at  a  rate  of  interest  one  per  cent,  higher,  it  will  amount 
to  £405.     Find  the  rate  of  interest,  and  number  of 
years  for  the  first  sum. 

23.  A  cistern  is  half  full ;  by  one  cock  it  can  be 
filled  in  a  certain  time,  and  by  another  emptied  in  a 
certain  time.      If  both   cocks   are   opened,   it  will  be 
emptied  in   12  hours ;  but  if  both   cocks  are  partially 
closed,  so  that  each  would  take  half-an-hour  more  to 
fill  or  empty  the  half- full  cistern,  then,  if  both  are 
allowed  to  run,  it  will  take  15f  hours  to  empty  the 
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cistern.  In  what  time  would  the  first  cock  alone  fill, 
and  in  what  time  would  the  second  alone  empty  the 
full  cistern  ? 

INEQUALITIES. 

267.  From  the  definition  laid  down  in  Art.  45  we 
infer  that  one  quantity  a  is  greater  or  less  than 
another  b,  according  as  the  difference  a—  b  is  positive 
or  negative. 


Thus,  a*+62>2a&,  because  the  difference  a2+62- 
is  equal  to  (a  —  i)2,  a  positive  quantity  ;  and 
^-(-^  because  the  difference      4x—  a?2  —  5  is  equal  to 
—  (#—  •  2)2  —  1,  a  negative  quantity. 

268.  From  given  inequalities  we  can  deduce  others 
by  transformations  conducted  according  to  the  laws 
stated  in  the  following   Articles.      These   laws  are 
immediately  deducible  from  the  preceding  definition. 

269.  If  a<6,  then  ma<mby  if  m  be  positive. 
Thus,  from  the  inequality,  a>b  we  infer  5a>56,  and 


270.  If  a    b,  then  ma^mb,  if  m  be  negative. 
Thus  if  a<b,  then  — 4a>  —46,  and  — |a>  — f&. 


271.  If  a<6,  then  a+c<6+c,  where  c  is  positive, 
or  negative. 

Thus  if  a>b,  then  a— b>0,  and  conversely. 

Hence  quantities  may  be  transposed  from  one  side 
to  the  other  by  changing  signs,  as  in  equations. 

272.  If  a  >  b.  then  -  <  r  according  as  a  and  b  have 

a>b 


ELEMENTS  OF  ALGEBRA.  193 

like  or  unlike  signs.     For  the  difference  -—  -=  - 

a     b       ab 

which  since  6—  a  is  negative,  is  negative  or  positive 
according  as  ab  is  positive  or  negative,  that  is,  accord- 
ing as  a  and  b  have  like  or  unlike  signs. 

273.  In  like  manner  it  may  be  shown  that  if  a<  b  , 
then  -  .  =-  according  as  a  and  b  have  like  or  unlike 


signs. 

274.  If  Oi>&i,  «2>&2>    &c->  then    0,1+0  +  &c. 


For  the  difference 
-f  (flj  —  &B)4-...,  which  is  positive. 


So  also,  if  al<bl,  op2<fc2,  <&c.,  then  ^j+fls  + 


Thus,  since  #2+ca>2fcc,  cs+«?>2ca,  and  a2, 
we  have  2  («2-f*2+c2)>2  (6c+ca+a6)  ;  and  therefore 

>  bc+ca+ab. 


275.  If  a     6,  then  ^*+1     6*1*1,  where  n  is  a  posi- 

tive whole  number;  for  the  members  of  the  latter 
inequality  have  the  same  signs  as  those  of  the 
former. 

Thus  from  a  >  b  we  infer  that  a3  >  6s,  a7  >  67,  &o. 

We  cannot,  however,  infer  that  a2  >  62.  For  example, 
although  4>—  5,  it  is  not  true  that  42>(  —  5)2;  and 
although  -2  >  -4,  it  is  not  true  that  (-2)2>(-4)2. 

N 
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276.  If  a?>bz,  then  a  cannot  lie  between  —  b  and 
1;  and  if  aa<62,  a  must  lie  between  —b  and  +&. 

Thus,  if  #2>9,  a  cannot  lie  between  —3  and  -j-3;  if 
a2<16,  a  must  lie  between  —  4  and  +4,  that  is  a>  —  4 
and  <+4. 

277.  By  the  aid  of  this  proposition,  and  the  con- 
dition for  the  existence  of  real  roots  in  a  quadratic, 
we  can  find  the  limits  to  the  real  values  of  a  fraction 


t 

of  the  form  —  ^—  —  —  ,  as  in  the  following  Examples: 


1.  Find  the  greatest  and  least  values  of 


=y>  tlien 


2 

or  — 


Now  if  a?  be  real,  we  must  have 


:  ) 


Hence    2y  —  1  ^_  — 


or, 


2.  Find  a  positive  number  such  that  the  sum  of  it 
and  its  reciprocal  shall  be  a  minimum. 

Let  x  be  the  number:  then  #-f--=2/  is  to  be  a 

x 

minimum. 

Therefore,  in  the  equation  x*  —  yx-^-l—0,  we  must 
have  2/a^.4;  and,  therefore,  the  minimum  value  of  y  is 
2,  and  the  value  of  x  corresponding  is  1. 
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be          ca          ab 
3.   If    a,   b,   c    be  positive,  prove  —  +  - — \-  - 

(IOC 


Since   62-fc2>2&c,  we  have  in  this  case,   dividing 
by  be, 

*  +  f>2  ..................  (1), 

c        b 

r 

(j  d 

similarly,         -+  -  >2  ..................  (2), 

a       c 


Now  multiply  (1)  by  a,  (2)  by  b,  and  (3)  by  c,  and  we 
obtain,  by  addition, 


,,        -  be        ca       al> 

therefore  -  >a+b+c. 

a        6        c 

EXERCISES,  LXIX. 

1.  Prove  that  4<o2-a»-f20. 

2.  Prove  that  T  -f  -  >  2,  if  a  and  6  have  like  signs. 

b      a 

3.  Find  the  values  between  which  x  must  not  lie  in 
order  that  4^+4a;  —  1  may  be  positive. 

4.  Divide   a  line  a  into  two  parts,  such   that  the 
rectangle  under  the  parts  shall  be  a  maximum. 

5.  Divide  a  line  a  into  two  parts,  such  that  the  sum 
of  the  squares  on  the  parts  shall  be  a  minimum. 

y&  _  a?  4-1  1 

6.  Prove  that  —  -      lies  between  3  and  5  . 

o 


7.  Prove  that  -  ^-  cannot  lie  between  1  and  25. 
x—  10 

N2 
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9^2  _j_  QX  _  7 
8.  Prove  that  -  -—  cannot  lie  between  1  and  2. 


9.  Prove  that  —  |  --  cannot  lie  between^^-i  and 
>         x       a—  x  a 


2#  —  7 
10.  Prove  that  —  —  --  -  can  have  no  value  between 

and  1. 


11.  Prove  that  the  greatest  value  which  a. 


admits  of  is  —  . 

12.  If  «,  i,  c  be  positive,  prove 


RATIO   AND   PROPORTION. 

278.  The  relation  which  one  quantity  a  bears  to 
another  b,  as  measured  by  the  fraction  =- ,  is  called 
the  ratio  of  these  quantities,  and  is  expressed  either 

as  a  fraction  v,  or  by  the  notation  a  :  b  (read  a  to  b). 

g 

Thus  the  ratio  of  3  to  4  is  expressed  by  - ,  or  3  :  4. 

279.  The  quantities  which  constitute  a  ratio  are 
called  its  terms,  the  first  term  being  called  the  ante- 
<cedent,  and  the  second  the  consequent. 

Thus  in  the  ratio  a  :  6,  or  r ,  the  first  term  a  is  the 

6 

antecedent,  and  the  second  term  b  is  the  consequent. 
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280.  The  ratio  a  :  b  is  said  to  be  greater  than, 
equal  to,  or  less  than  c  :  d,  according  as  y  =  -, . 

281.  Ratios  are,  therefore,  compared  by  reducing 
the  fractions  which  express  them  to  a  common  de- 
nominator, and  comparing  the  numerators. 

282.  A  ratio  is  called  a  ratio  of  greater  inequality, 
of  less  inequality,  or  of  equality,  according   as  the 
antecedent  is  greater  than,  less  than,  or  equal  to,  the 
consequent. 

4 

Thus  the  ratio  -  is  a  ratio  of  greater  inequality; 
o 

2  3 

':  is  a  ratio  of  less  inequality;   and  --  is  a  ratio  of 
o  o 

equality. 

283.  A  ratio  of  greater  inequality  is  diminished  or 
increased,  and  of  less  inequality  increased  or  dimin- 
ished, according  as  each  term  of  the  ratio  is  increased 
or  diminished  by  the  same  quantity. 

Let  -  be  the  given  ratio.    If  x  be  added  to  each  term 
b 

we  get  the  ratio  -    -  ,  which  is      -  according  as 
b-\-x  -^  b 

ab-\-bx  >  ab-\-ax, 

that  is,  as  bx  >  ax. 

Now  (1)  if  a>b,  then  bx<ax,  if  x  is  positive;  and 
bx>ax,  if  x  is  negative.  In  the  former  case  the  ratio 
is  diminished,  and  in  the  latter  increased.  (2)  If  a<b, 
bx<ax,  if  x  is  negative,  and  bx>ax,  if  x  is  positive.  In 
the  former  case  the  ratio  is  diminished,  and  in  the 
latter  increased. 
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4  6 

Thus  if  2  be  added  to  each  term  of  - ,  we  get  - ,  and 

o  o 

the  ratio  is  diminished;  and  if  1  be  taken  from  each 

term  we  get  -- ,  and  the  ratio  is  increased. 
23 

ac 

284.  The  ratio  j-=  is  said  to  be  compounded  of  the 

ratios  T ,  -.;  the  ratio  TT>  is  said  to  be  compounded  of 
b    a  oaf 

the  ratios  j ,  -=,   ^ ;  and  so,  generally,  any  ratio  is  said 
o   a  j 

to  be  compounded  of  the   ratios   expressed  by  the 
fractions  whose  product  expresses  the  given  ratio. 

2  4.8 
Thus  the  ratio  compounded  of  -  and  -  is  --  . 

3  5       15 

285.  The  ratios  ,—,  -n. ,  &c.,  are  called  the 

Or      b*     0      6a 

duplicate,  sub-duplicate  ;  triplicate,  sub -triplicate,  &c., 

ratios,  respectively,  of  =- . 

2      4 

Thus  the  duplicate  ratio  of  -  is  -  ;  and  the  sub-trip- 

o       9 

v  *•        t   8    •     2 

hcate  ratio  of  —  is  -  . 

286.  When  two  ratios  are  equal  they  constitute  a 
proportion;  and  the  four  terms  are  said  to  be  pro- 
portionals. 

&       c 

Thus  if  a  :  b  ::  c  :  d,  or  T  =  -  ,  the  four  quantities 

o        d 

a,  b,  c,  d  are  said  to  be  proportionals,   the  equality 
between  the  ratios  being  expressed  by  ::,  or  =. 

287.  In  this  case  a  and  d  are  called  the  extremes, 
b  and  c  the 
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ft       c 
288.  From  the  proportion  T  =  ^  »  we  can  deduce 

certain  other  proportions,  as  follows  : 

(i.)  Since  ad=bc,  we  obtain  on  dividing  by  cd, 

M  ..................  a). 

c       a 

(ii.)  Since  bc=ad,  we  obtain  on  dividing  by  ab, 
°      d 


(iii.)  By  adding  1  to  each  ratio  of  the  given  propor- 
tion we  get 


(iv.)  By  subtracting  1  from  each  ratio  of  the  pro- 
portion we  get 

--1---1 
b        ~  d     l' 

a  —  b       c  —  d  ,.. 


b  d 

(v.)  By  dividing  (8)  by  (4)  we  obtain 

a+b  _  c+d 
a  —  b  ~~  c  —  d  " 


(5). 


In  Geometrical  language  (1),  (2),  (3),  (4),  (5)  are 
said  to  be  proportions  which  follow  from  the  given 
proportion  by  taking  its  constituents  a,  b,  c,  d  alter- 
nando,  invertendo,  componendo,  dividendo,  componendo 
et  dividendo,  respectively. 
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ft  (* 

289.  If  T  =  -j ,  and /(a,  6),  <£  (a,  b)  denote  any  two 
homogeneous  functions  of  n  dimensions  in  a,  6,  then 


For  let  -  =  -=#;  then  a  =  bx,  c=dx. 
b      a 

Substituting  these  values  for  a  and  c  in  /(a,  5),  &c., 
we  obtain /(a,  b)=f(bx,  b)  =  b*f(x,  1),  since  every  term 
of /(&#,  b)  is  of  n  dimensions  in  b.  In  like  manner  we  get 
^>(a,  b)  =  bn<j>(x,  1);  /(c,  d^=dn/(x,  1);  ^>(c,  d)=dn^>(c,  1). 

_^/  7\  L«_^*/  ^\  ./*/  ^\ 

T  I  /y      /j  1  /)*•  fit*         II  Tr/l* 

__  /  \"'j  ^ y       ^  y  I**'?  -*•  /      y  i^j  •*-/ 

JU.6I.lC6         "~7         7T"  ~™"*  , 7 ITT"  — •  "j T~\  * 


and 


Therefore, 


T.«      c    ., 
1.  If  7  =  -,,  then 


EXAMPLES. 


cf  2ab-%b* 

Here  the  terms  of  the  last  proportion  are  homoge-? 
neous  functions  of  two  dimensions. 

ft         C 

Let  -  =  -  =or,  and  substitute  bx  for  a,  and  dx  for  c, 
o     a 


Then 


and         ' v^    w  '  " " 


Therefore 
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Tf  a_  c 

~ 


As  in  Ex.  1  prove 


and,  therefore,  by  (i.)'  Art.  288. 


— 
l~d'         e 

«_c    . 
~>1      e 


EXERCISES,  LXX. 
2a-862c-8c? 


290.  If      =-?=-=-..=—  »  tnen  ea^  of  these 
&i     PS      os  6« 

Ratios  is  equal  to 


where  m,,  ??i2,  ms,  &c.,  are  any  positive  or  negative 
quantities. 


Then  a1  =  61rc,  az=b^x,  &c. 
Therefore  aj=^n,  a^=6^ft,  &c.  ; 
and  wi1an=Wi&i^n»  wsa$=w26ja;n,  &c. 
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Adding  the  last  set  of  equalities,  we  obtain 


therefore 


and,  therefore,  extracting  the  nth  root,  we  get 


EXAMPLES. 


Sf]%A_f&\i 

1.  If  _=_,  each  of  these  ratios  is  equal  to  I  T0"r  M  lf< 
Z>     d  V  4-cP/ 


Here  77^=7712=1,  and  n=2. 


2.  If  -=-=-,  each  of  these  ratios  is  equal  to 
b    d    f 


Here  m^a,  w2=  -c,  m3=e,  and  n  =  l. 


{.  If  __^_=    y  .  =    g  .,  each  of  these  ratios  is  equal 
y+z    z+x     x+y 


to 


Here  77^=^12=7713=1,  and  w=l. 


4.  If     a  ..=  -J_  =    c    ,  prove  a=b=c. 
c+a     a+b 
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We  have,  as  in  Ex.  3,  each  ratio  =  £  ;  so  that 

2a  =  b  +  c  ............  (1), 

26  =  c+a  ............  (2), 

2c=a+b  ............  (3). 

f 

Subtracting  (2)  from  (1)  we  get  2a—  26  =  6  —  a,  and 
therefore  a=b.     Similarly  a=c. 


Hence  a=b  =  c. 


prove  each 


be  ca  ab 

ratio  equal  to  1. 

By  taking  the  first  and  second  ratios  together,  we 
have  each  ratio  equal  to 

-bz         2c*          2c 


bc+ca  bc  +  ca     a+b' 

Similarly  by  taking  the  second  and  third,  and  third 
and  first  ratios  together,  we  get  each  ratio  equal  to 


c-\-a 

Hence  each  of  the  given  ratios  is  equal  to 
2a         26         2c 


b-\-c     c-\-a     a+  b 
each  of  which  is  equal  to 


- 

~'  ° 
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EXERCISES,  LXXL 

(a*+c*}_(b  +  d] 


prove 

b     d'  •  (a  -  c)  (aa  -  c2)     (b  -  d)  (62  -  d*) 


2.  If  £=-=4,  prove  (b+c)  (b+d)  =  (c+a)  (c+d). 


8.  If  -=-=-  =  &G.,  prove  that  each  of  these  ratios 
bed 

is  equal  to 


a   fl  - 


a      - 


(c-d)  +  c  (d- 


4.  If  the  ratio  of  a  -f  xi  a  —  x  equals  the  duplica 
ratio  of  a-f  b  :a—b,  then 


x 


a    a*+bz' 


^    -Tf  a     c     e     -i        o    ,ac-\-ce  -4-ea     a* 
5.  If  _=_=_,  shew  that— — — — — = — , 
b     d    /  bd+df+fb     &a' 

Vma-i-Vnb      \  m.c+ V  nd      Vme-\-Vnf 

and      ,_ J==—T= j==—j j=* 

V  ma—.\  nb     \  me  —  v  nd     v  me  —  v  nf 


*    TJ>  a     c     -i        11    •  va—b      Va 

6.  If  -=-,  shew  that  —, =—7- 7 

b     d  Vc-d     Vc-vd 


7.  If  ^-=^=^_=...  =  _^.,  shew  that 


/rg1+g2+^+...+gn     V_  ^t_a 

V  «2+  a3  +  «4+  •  •  •  +  «n+l  /   "      ^n+l" 
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8.  If  ?=°   prove  that£±£=l 
6     d'- 


n    -n?  2?/  —  2     2^  —  x     %x  —  y     *        ,  -,    , 
9.  If  _^  -  =  --  _=  ---  *,  shew  that 

26+  c 
21  (a+b+c)  (o; 


in  TJ?     ~-         --  -  ,, 

10.  If  __!-4=^  —  -,  prove  that 

Sa-b     86  -c     8c-a  J 


11.  If  ^Jl£=^=_ft_,  determine  the  ratios  a:b:c. 
b        a     c  —  b 


10    rr      ^  a-4- c — b       a-\-b-\-c        3  ,        .          ,, 
12.  If  -  _,    determine    the 

a+b  o  +  c  —  a     2a+ o+ 2c 

ratios  a :  b  :  c. 


18.  If  — - — = y = I_L,  prove  that 

6  +  c  —  a     c-\-a—b     a-\-b—c 

(a+b+c)  (yz+zx+xy)~(x+y+z)  (ax+by+cz}. 


14.  If  -=-=t,  shew  that 
o     d    f 


15.  If  ?=y =*«...,  shew  that 
a     b     c 
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, 
y-\-b       z-\-c 


Ifl 
10- 


mx+ly 


I 


m 


x  (by-\-cz  —  ax)     y  (cz+ax  —  by)     z  (ax+by  —  cz)' 

291.  If  -=x,  a  finite  quantity,  and  a~0,  then 
nO;  and  conversely. 


For  bx= a =0,  and  therefore  5=0,  since  #  does  not 
vanish. 


Hence,  if^L=^=^-=...=5L=a?,  a  finite  quantity, 

223  tt 

and  m-fll + maaj  -f . . .  -f  mnan = 0,  then 


For  each  of  the  given  ratios  is  equal  to 


the  numerator  of  which  vanishes  by  the  given  condi- 
tion ;  therefore  the  denominator  also  vanishes,  and 
hence 
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EXAMPLES. 

1.  If  -  -  T"  -  =  -  -,  then  a  +  6+c=0,  because 
b  —  c  +  c  —a     a—  b 


the  sum  of  b  —  c,  c  —  a,  a  —  b  vanishes. 


2.  If  -          _= ?f = — : ,  prove  (b-c)  x- 

6-fc  —  a     c-{-a—b     a-\-b  —  c 


(a  —  b)z=0. 
Here  each  ratio  is  equal  to 

(b  —  c)  x-\-(c  —  a)  y-\-(a 


the  denominator  of  which  vanishes  identically  ;  there- 
fore the  numerator  also  vanishes. 


8.  If  _^_=_^_=_-^_,  prove  that 

a2a;+%+c2«=(aa+62+c2)  (a?+y+«). 
In  this  case  each  of  the  given  ratios  is  equal  to 

a). 


z  z- 


and  also  to 


xy 

(2). 
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Therefore,  combining  (1)  and  (2),  each  of  the  given 
ratios  is  equal  to 


the  denominator  of  which  vanishes  identically  ;  there- 
fore the  numerator  also  vanishes. 


EXERCISES,  LXXII. 


1.  If  te=g=«»-''»l=«»-to,   prove   that    ax+by 
a  b  c 


2.  If 


-,  prove  that  32a 
' 


3.  If 


-^ 
c)     8(c—  a) 


f  prove  that  Sa+Qb 


4.  If  .  _^_         _1-         -^  _  ,  prove  that-+ 
a(y-z)     b(z-x)     c  (x—  y)  a     y 


6.  If 


,  prove  that 


et 


6.  If 
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-,  prove  that 


n  (la-\-mb  —  nc) 

*  (mb  —  nc) + 2-  (nc  —  la)  +  -  na  —  mb)  —  0. 
£  ??t  n 

7:  If  . ?L = b- «-    UL.    -,  prove 

fcz  (ny  —  m^)     wiy  (fe  —  na?|     rw  (ma;  —  ly) 

that 

'Zo;  77ty  nz 


VARIATION. 

292.  One  quantity  is  said  to  vary  directly  as  another 
when  it  bears  a  constant  ratio  to  that  other. 

Thus  x  varies  directly  as  y  if  x  :  y  is  constant,  that 
is,  if  x=ky,  where  k  is  a  constant  quantity. 

This  is  also  expressed  by  the  sign  of  variation,  oc  , 
written  between  the  quantities,  as  x  oc  y. 

Ex.  The  area  A  of  a  triangle  is  one -half  the  product 
of  the  base  b  into  the  height  h,  or  A.  =  ^bh;  therefore,  if 
b  be  kept  constant,  and  h  varied,  A  oc  h.  So  that,  if  h 
be  doubled,  A  will  be  doubled  also. 


293.  One  quantity  is  said  to  vary  inversely  as  another 
when  it  bears  a  constant  ratio  to  the  reciprocal  of  that 
other. 

Thus  c  varies  inversely  as  y  if  x  :  -  is  constant,  or 

y 

k 

x=  - . 

y 
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This  is  also  expressed  thus  :  x  oc  -  (read  x  varies  in- 
versly  as  y). 

Ex.  If  the  area  A  of  a  triangle  be  kept  constant,  bh 
will  be  constant,  and  therefore  b  will  vary  inversely  as 
h;  so  that,  if  b  be  doubled,  for  instance,  h  will  be 
reduced  one-half. 


294.  One  quantity  is  said  to  vary  jointly  as  two 
others  when  it  varies  directly  as  their  product. 

Thus,  if  x  varies  jointly  as  y  and  z,  x  oc  yz,  or  x—kyz, 
k  being  constant. 

295.  If  a  quantity  x  varies  directly  as  one  y,  and 
inversely  aa  another  z,  the  variation  is  expressed  thus  : 

y  ky 

x  x  -  ,  or  x——  , 

*  z 

where  &  is  constant. 

296.  When  one  quantity  varies  as  two  others  m 
such  a  manner  that  when  either  is  kept  constant  it 
varies  as  the-  other;  then  when  both  vary  it  will  vary 
as  the  two  jointly. 

Let  x  vary  as  y  when  z  is  constant,  and  as  z  when  y 
Is  constant. 

(1).  z  being  constant,  let  a,  b  be  the  corresponding 
Values  of  x  and  y;  therefore- 


(2).  y  being  constant  and  equal  to  5,  let  c,  d  be  cor- 
responding values  of  x  and  z  ;  therefore 

C-  =  d-  ..................  (2). 
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Hence,  dividing  (1)  by  (2)  we  get 


-  =  fr  >  or  x=  --.yz: 
c      bd  '  bd 


and  therefore  x  oc  yz. 

As  an  example,  we  may  take  the  area  of  a  triangle 
ABC],  of  which  BC  is  the  base,  and  A  the  vertex. 

Let  BC  =  6,  and  let  the  distance  of  A  from  BC  be  h. 

First,  let  BC  be  changed  to  B'C'  =  6',  h  being  kept 
constant  ;  therefore 


ABC 


Secondly,  let  A  be  then  changed  to  A',  B'C'  being 
kept  constant;  therefore 


h'  being  the  distance  of  A'  from  B'C'. 
Multiply  (1)  by  (2),  and  we  obtain 

A/B'CT     W 

ABC  ''~-~bh'' 

A"RP 

or,  A'B'C'=  -~  .b'h'; 
on 

and  therefore  the  area  varies  jointly  as  the  base  and 
height. 

EXAMPLES, 

1.  If  x  oc  y  and  y  oc  z,  then  x  oc  z. 

For  let  x=my,  and  y—nz,  m  and  n  being  constant; 
therefore  x= 

or  a;  oc  2, 
since  mn  is  constant. 

2.  If  #  oc  y  and  #  oc  2,  then  x  oc 

o2 
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For  let  x=my,  x  —  nz\  therefore 


or  x 


=  v 


mn 


Therefore  x  oc 


v 


yz,  snce      mn 


yz. 

is  constant. 


3.  A  varies   as  B   and  C  jointly;    and  A=l  when 
B  =  1  and  C  =  1  ;  find  the  value  of  A  when  B  =  2  and 

\j  '=•  A. 

Here  A  =  w?BC,  where  m  is  some  constant. 

To  determine  m  write  for  A,  B,  C  their  corresponding 
values  1,  1,  1;  therefore  m  =  l,  and  A  =  BC. 

Hence  if  B  =  2,  and  C  =  2,  A  =  4. 

4.  If  £70  pay  10  men  for  85  days'  work,  for  how 
many  days  will  £120  pay  30  men  ? 

Let  x,  y,  z  denote  the  wages,  number  of  men,  and  days, 
respectively.  Then  since  the  amount  of  wages  varies 
jointly  as  the  number  of  men  and  days,  we  have 


where  k  is  some  constant. 

Substitute  for  x,  y,  z  their  corresponding  values  70, 
10,  35;  therefore 

70  =  ^x10x35, 

or,  k=i. 

Hence  x=iyz,  and  therefore  if  #=120,  and  2/=30, 
120=1  -.80*, 
or  *  =  20. 

5.  The  value  of  diamonds  varies  as  the  square  oi 
their  weight,  and  the  square  of  the  value  of  rubies  varies 
as  the  cubes  of  their  weights.  A  diamond  weighing  a 
carats  is  worth  m  times  a  ruby  weighing  b  carats,  and 
both  together  are  worth  £p.  Find  the  value  of  a 
diamond  and  of  a  ruby  each  in  terms  of  its  weight  w 
•carats. 
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Let  the  value  in  £  of  a  diamond  of  a  carats  be  7>,>r, 
and  the  value  of  a  ruby  of  b  carats  be  kb%,  h  and  k  being 
certain  constants  to  be  determined. 

By  the  conditions  of  the  question, 


two  equations  in  h  and  k,  from  which  we  find 

fc»._a_.*_,  p 


Therefore  the  value  in  £  of  a  diamond  of  w  carats 

-7,  ,,.2-        W 


and  of  a  ruby  of  w  carats 


EXEKCISES,  LXXIII. 

1.  If  #oc  /y,  and  #  =  2  when  y=l,  find  the  value  of 
•r  when  ?/—  2. 


2.  3.r+5#  varies  as  5^-j-3?/,  and  x  —  5  when   2/=2» 
find  the  ratio  a  :  y. 

3.  .r  varies  as  y  and  z  jointly;  and  x—  8  when  y=2 
and  5;  =  2;  find  the  value  of  yz  when  #=10. 

4.  If  i  fee  a2  —  a?,  and  a;  =0  when  y=b,  express  y  in 
terms  of  x. 

5.  Given  that  z  ac  x+y,  and  ycco?;  and  that  when 
a?=l,  y  =  2,  and  ^  =  3;  find  z  in  terms  of  a?. 

6.  The  wages  of  5  men  for  7  weeks  being  £21  17s.  6d., 
Jiow  many  men  can  be  hired  to  work  4  weeks  for  £30  ? 

7.  If#-f-&oca  —  b,  prove  that  «?+  bz  x  ai. 
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8.  If  the  time  of  describing  any  space  vary  as 
square  root  of  the  space,  and  if  the  time  of  describing 
144  feet  be  3  seconds,  what  will  be  the  time  of  describing 
400  feet  ? 

9.  Given  that  y  is  equal  to  the  sum  of  two  quantities, 

one  of  which  varies  as  x,  and  the  other  as  -  ,  and  that 

x 

when  x  =  a,  y=p,  and  when  x=b,  y—q\  express  y  in 
terms  of  x. 

10.  If   aacb,    show   that    («2-62)   («3  +  bs)  oc  (a  -  b) 


11.  If  a  x  T  ,  show  that  «36-f«2+  r  oc  r*  • 

b  b      o 

12.  If  x+y+z  oc  x+y—  z,  and  ^l2+2/a+£2  «  o/2+2/a—  #a, 
show  that  #  a  «  and  y  oc  ^. 


ARITHMETICAL   PROGRESSION. 

297.  Quantities  are  said  to  be  in  Arithmetical 
Progression  when  they  increase  or  decrease  by  a 
common  difference. 

The  common  difference  is  the  difference  between 
any  term  after  the  first  and  the  term  immediately 
preceding. 

Thus  the  series 

2,  5,  8,  11, 
20,  18,  16,  14, 
«,  a-\-d,  a 


are  in  Arithmetical  Progression,  the  common  differences 
being  3,  —2,  and  d,  respectively. 


298.  The  terms  between  the  first  and  last  are  called 
Arithmetical  means. 
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299.  If  the  first  term  be  denoted  by  a,  the  common 
difference  by  d,  the  last  term  by  I,  and  the  number  of 
terms  by  n,  then  the  series  of  terms  will  be 

a,  a-}-d,  a-\-2d,  a-\-3d, 

where  it  will  be  observed  that  the  coefficient  of  d  in 
any  term  is  one  less  than  the  number  of  that  term ; 
therefore,  for  I,  the  nth  term,  we  have 

l=a+(n-I)d. 

Thus  the  llth  term  of  1,3,  5, isl  +  (ll-l)2  =  21; 

the  13th term  of  30,  28,26, is  30+(13-l)(-2)  =  6. 

300.  To  find  the  sum  of  a  given  number  of  quan- 
tities in  Arithmetical  Progression  in  terms  oi 

(2)  a,  d,  n. 

Let  s  denote  the  sum ;  then 


by  writing  the  series  in  reverse  order. 
Therefore,  by  addition,  we  have 

to  n  terms. 


..................  (I)- 


Secondly,  since  l=a+(n— 
we  get,  on  substituting  this  value  in  (1), 

n 

«={2a-}-(tl — 1)^}  ~ (3). 

2 

The  equations  (1)  and  (2)  are  independent  and  involve 
the  five  quantities  a,  Z,_n,  d,  s;  therefore  if  any  three  of 
these  quantities  be  given  the  remaining  two  can  be 
found  from  equations  (1)  and  (2). 
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EXAMPLES. 

1 .  Find  the  sum  of  n  terms  of  the  series  of   o 
numbers,  1,  3,  5, 

Here  a=l,  d  —  Z;  therefore,  by  formula  (3), 


*= 


2.  Insert  n  Arithmetical  means  between  the  given 
numbers  a  and  b. 

Let  d  denote  the  common  difference. 

As  there  are  w+2  numbers  in  the  series,  the  last  one 
b  being  the  n+2th,  we  have,  by  formula  (2), 


therefore  d—  - 


and  hence  the  means  can  be  found. 

If  a=9,  6  =  24,  andn  =  5,  d  will  be  2±.     Therefore 
the  means  in  this  case  are 


Hi,  14,  16i,  19,  21|. 

3.  Find  the  number  of  terms  in  a  series  of  which  the 
first  term  is  10,  the  common  difference  5,  and  the  sunn 
175. 

Substituting  the  given  values  in  formulas  (1)  and 
(2),  we  obtain 

.(10+0^=350, 

J=10+5(w-l). 
Eliminating  I  from  these  equations,  we  get 


the  roots  of  which  are  7  and  —  10. 

From  the  nature  of  the  case  the  positive  root  7  must 
be  taken. 
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EXERCISES,  LXXIV. 
1.  Sum  the  series  2£+2g-f  3i  +  ......  to  13  terms. 

2*  Sum  the  series  !+£+£+  ......  to  8  terms. 

3.  Sum  the  series  10  +  7  +  4+  ......  to  10  terms, 

4.  Sum  the  series  2£  +  l£  +  l  +  ......  to  6  terms. 


8  29      2 

5.  Sum  the  series  _+  —  +—  +  ......  to  6  terms. 

9  68    68 


n  —  1  .  7?  —  2  .  n  —  3  . 

6.  Sum  the  series  — +...to  n  terms. 

n  n  n 


7.  Insert  4  Arithmetic  means  between  5£  and  6£. 

8.  The  sum  of  a  series  in  A.  P.  whose  first  term  is  2 
and  last  term  42  is   198 ;  find  the  common  difference 
and  the  number  of  terms. 

9.  How  many  terms  of  the  series  17  +  15  +  13+... 
amount  to  56  ? 

10.  Find  what  number  of  terms  of  the  series  6  +  9 
+  12+...  will  amount  to  105. 

11.  Between  the    numbers  3  and  27   as  extremes, 
find  a  series  of  Arithmetic  means  whose  sum    shall 
be  75. 

« 

12.  Forboring  an  Artesian  well  500  feet  deep  the  cost 
is  2s.  8d.  for  the  first  foot,  and  a  halfpenny  in  addition 
for  each  foot  following  ;  what  is  the  cost  for  boring  the 
last  foot,  and  how  much  for  the  whole  well? 
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13.  According  to  the  laws  of  gravity,  a  heavy  body 
falling  from  rest  descends  16  feet  in  the  first  second  of 
time,  three  times  as  much  in  the  second,  five  times  as 
anuch  in  the  third,  seven  times  as  much  in  the  fourth, 
and  so  on  ;  through  how  many  feet  will  it  fall  in  the 
13th  second,  and  through  how  many  in  the  whole  13 
.seconds  ? 

14.  The  sum  of  the  squares  of  the  tenth  and  six- 
teenth terms  of  a  series  in  A.  P.  of  which  the  first  term 
is  unity,  is  equal  to  102£  ;  find  the  terms. 


15.  The  difference  of  the  squares  of  the  sixth  and 
eighteenth  terms  is  1104,  and  the  first  term  is  unity  ; 
find  the  terms. 


16.  The  sum  of  the  first  nine  terms  of  a  series 
A.  P.,  whose  first  term  is  unity,  is  one-third  of  the  sum 
of  the  following  nine  terms  ;  find  the  series. 


GEOMETRICAL  PROGRESSION. 

• 

301.  Quantities  are  said  to  be  in  Geometrical  Pro- 
gression when  they  increase  or  diminish  by  a  common 
ratio. 

302.  The  common  ratio  is  the  ratio  of  any  term 
after  the  first  to  the  term  immediately  preceding  it. 

Thus  the  series 

1,3,9,27, 

1>    3">    ¥>    8> 

at  ar,  ar*, 
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are  in  Geometrical    Progression,  the  common  ratios 
being  3,  |,  and  r,  respectively. 

303.  The  terms  between  the  first  and  the  last  are 
called  Geometrical  means. 

304.  If  the  first  term  be  denoted  by  a,  the  common 
ratio  by  r,  the  last  term   by  I,   and  the  number  of 
terms  by  n,  the  series  of  terms  will  be 


a,  ar,  ar2, 


the  index  of  r  in  any  term  being  one  less  than  the 
number  of  the  term  ;  therefore,  for  the  last,  or  ?ith, 
term  we  have 

.;  .....  (1). 


305.  To  find  the  sum  of  a  given  number  of  quan- 
tities in  Geometrical  Progression  in  terms  of  (1)  a, 
r,  n  ;  (2)  a,  /,  r. 

Let  s  denote  the  required  sum  ;  then 

s  =  a-\-ar+  ar*-}-  ......  -far*-1. 

Also  rs=       ar-j-ar*-4-  ......  +  arn~1-fa?<n, 

by  multiplying  the  first  equation  by  r. 
Therefore,  by  subtraction,  we  obtain 
(r  —  1)  s  =  arn  —  a, 

Tn  1 

s=a.r-  _  ±  .........  (2). 

V  ' 
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Since  from  (1)  we  have  lr=arn,  we  get,  on  substi- 
tuting this  value  in  (2), 


The  equations  (1)  and  (3)  are  independent,  and  involve 
the  five  quantities  a,  I,  ny  r,  s ;  therefore  if  any  three 
of  these  quantities  be  given,  the  remaining  two  can  be 
determined  from  equations  (1)  and  (3). 


306.  If  r  be  less  than  unity,  rn  decreases  as  n  in- 
creases, and  becomes  indefinitely  small  as  n  becomes 
indefinitely  large.  This  is  generally  expressed  by 
saying  that  rn  =  0  if  ?i=ac  (infinity);  by  which  it 
is  meant  that  rn  approaches  zero  as  n  approaches  oc  . 

In  this  case  the  value  of  s  in  (2)  continually  approxi- 
mates without  limit  to  the  value -which  is  called 

1  —  r 

the  sum  of  the  infinite   series,  the  value  of  rn  being 
neglected. 

Hence,  r  being  less  than  unity,  the  sum  of  the 
nfinite  series  is  given  by  the  formula 


EXAMPLES. 

1.  Find  the  sum  of  6  terms  of  the  series  1,  3,  9, 
27,... 


Here  a=l,  r=3,  n  =  6;  therefore  from  formula  (2) 

36-l 
8-1 


06 1 

we  have  «  =  _    '. — =364. 
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2.  Insert  3  Geometrical  means  between  2  and  32. 

Here  the  series  is  t9  consist  of  5  terms,  the  first  of 
which  is  2  and  the  last  32  ;  therefore  if  r  denote  the 
common  ratio,  the  value  of  the  5th  term  is 


.-.?<  =  2. 
Therefore  the  means  are  4,  8,  and  16. 

3.  Find  the  sum  of  the  series 

.»  to  infinity. 


Here  a=l,  r=£  ;  therefore,  by  formula  (4), 

1     -2- 

8  =  —  .  -  •  —  A  , 


that  is,  the  greater  the  number  of  terms  in  the  series, 
the  more  nearly  does  its  sum  approach  2  ;  and  if  n  be 
indefinitely  large,  the  difference  between  the  required 
sum  and  2  is  less  than  any  assignable  quantity. 

4.  Eeduce  the  circulating    decimal   -8242424. ..to   a 
finite  vulgar  fraction. 

Here  -32424.. .-A  +— +--+•• 
10     103      105 


The  terms  after  the  first  belong  to  an  infinite  series 
of  which  the  common  ratio  =  -—  ,  and  sum 

10 
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3       24      S21 

Therefore  the  value  required  =— + — -= -. 

10    990    990 
Such  examples  are  better  solved  as  follows : 

Let          s  =  -32424... 
therefore       10s  =  3-2424 . . . 

1000s  =  324-2424... 

subtracting  the  last  two  equalities  we  get 

990s  =  321. 

qo-i 

Therefore       «=__. 
990 

EXEKCISES,  LXXW 

1.  Sum  the  series  4—2+1  —  ...  to  5  terms  and  to 
infinity. 

2.  Sum  the  series  f  —  £+f— ...  to  6  terms  and  to 
infinity. 

3.  Sum  the  series  9  +  3+1+...  to  5   terms  and  to 
infinity. 

4.  Sum  the  series  f  —  (f)2  +  l  — ...  to  5  terms. 

5.  Sum  the  series  (f)   ^+l  +  (£)^+...  to  infinity. 

6.  Insert  three  Geometric  means  between  2  and  162. 

7.  There  are  five  terms  in  G.  P. ;  the  sum  of  the 
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even  terms  is  4£,  and  of  the  odd  terms  8T5ff.     Find  the 
series. 

8.  There  are  seven  terms  in  G.  P.  such  that  the  sum 
of , the  first  six  terms  is  157^,  and  of  the  last  six  315. 
Find  the  numbers. 

9.  What  is  the  infinite  Geometric  series  of   which 
the  sum  is  2 --  and  second  term  —  £  ? 

10.  If  a  and  b  are  respectively  the  Arithmetic   and 
Geometric   means    between   two    numbers,   find    the 
numbers  in  terms  of  a  and  b. 

11.  Eeduce  -81756756...    to    an    equivalent    vulgar 
fraction. 

12.  Keduce    -3526464...    to    an    equivalent  vulgar 
fraction. 


HARMONICAL  PROGRESSION. 

307.  Three  quantities  a,   b,  c,  are  said  to  be  in 
Harmonical  Progression  when  a  :  c~a  —  b  '.b—c. 

308.  Any  number  of  quantities  are  said  to  be  in 
Harmonical  Progression  when  every  three  consecu- 
tive ones  are  in  H.  P 

309.  The  quantities  between     the   first   and  last 
terms  of  a  series  in  H,  P.  are  called  Harmonical 
means. 

310.  The  reciprocals  of  quantities  in  H.  P.  are  in 
A.  P. 
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Let  «,  b,  c  be  in  H.  P.  ;  therefore 
aa--b 


c     6—  c  ' 


or, 
divide  by  abc, 


-=- 

c     b     b      a 


and  therefore  -,-,-  are  in  A.  P. 
abc 


EXAMPLES. 
1.  Find  the  Harmonic  mean  between  a  and  b. 

Here  we  must  first    insert  an    Arithmetical  mean 

between  _  and  -.     If  this  be  called  x9  we  have 
a         b 


, 

a     b 


a+b 
or  x  — 


Hence  the  required  mean  =  _=  ^ 


2.  If  a,  b,  c  are  in  H.  P.,  prove 


Since  «,  b,  c  are  in  H.  P.,  we  have 
a     a  —  b 


and  therefore 


c    b  —  c 

a—  b_^b  —  c 
a  c 
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Now,   each  of  these  latter  ratios  is  equal   to 


a-\-c 

and  -  —  ,  which  are  formed  by  adding  and    sub- 

a  —  c 

tracking  the  antecedents  and  consequents  ;  therefore 

r 

a—  c  _a-\-  c—  26 
a  —  c 


EXERCISES,  LXXVI. 

1.  Find  two  Harmonic  means  between  3  and  4. 

2.  Insert  four  Harmonic  means  between  2  and  12. 

8.  The  Harmonic  mean  between  two  quantities  is  -*  of 
the  Geometric,  and  the  Arithmetic  mean  is  5 ;  find  the 
quantities. 

4.  If  a,  b,  c  be  in  G.  P.,    shew  that   a+6,  26,  6-f  c 
will  be  in  H.  P. 

5.  If  <i,  6,  c  be  in  H.  P.,  then  the   Harmonic    mean 
between  a  and  6,  6,  and  the  Harmonic    mean   between 
6  and  c,  will  also  be  in  H.  P. 

6.  If  a,  b,  c  be  in  A.  P.,  and  a,  6,  d  in  H.  P.,    prove 
that 

C=l-*(a-b)*. 
d  ab 


DETERMINANTS. 

311.  We  have  already  given  in  Arts.  251,  fo.t  four 
methods  of  solving  simultaneous  equations  of  the 
first  degree. 
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In  the  following  Articles  it  is  proposed  to  present 
the  method  of  Cross  Multiplication  in  a  new  form,  in 
which  the  eliminating  multipliers  are  denoted  by  one 
uniform  system  of  notation,  called  the  notation  of 
determinants.  This  method  of  determinants  is  recom- 
mended above  all  others,  not  only  for  the  uniformity 
of  its  processes,  but  for  the  facility  with  which  it 
enables  us  to  express  the  results  of  those  processes. 

312.  For  the  sake  of  symmetry  we  shall  write  one 
of  the  -unknowns  x,  y,  z  ......  in  each  term  of  every 

proposed  equation,  so  that  there  will  be  no  constant 
or  absolute  term. 

Thus  we  shall  use  the  general  equation  of  two  un- 
knowns in  the  form 

0  .....................  (1); 


of  three  unknowns  in  the  form 

ax-\-by-\-cz  =  0 

of  four  unknowns  in  the  form 


.(2); 


(3); 


and  so  on. 

Equation  (1)  is  reducible  to  the  ordinary  form  for 
one  unknown  by  making  y  =  l ;  equation  (2)  to  the  ordi- 
nary form  for  two  unknowns  by  making  z  —  1 ;  equation 
(3)  to  the  ordinary  form  for  three  unknowns  by  making 
M  =  l;  and  so  on. 

When  all  the  equations  are  written  in  the  forms  (1), 
(2),  (8),  &c.,  it  will  be  found  that,  when  the  number  of 
given  equations  is  one  less  than  the  number  of  un- 
knowns, we  can  determine  the  ratios  of  the  unknowns 
to  one  another ;  when  the  number  of  equations  is  equal 
to  the  number  of  unknowns,  we  can  eliminate  all  the 
unknowns, ,  and  obtain  a  relation  among  the  coefficients; 
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and,  when  the  number  of  equations  is  greater  than  the 
number  of  unknowns,  we  can  eliminate  all  the  unknowns 
in  more  ways  than  one,  and  so  obtain  several  inde- 
pendent relations  among  the  coefficients. 

W0  shall  apply  the  method  of  determinants  to  the 
consideration  of 

I.  One  and  two  equations  in  two  unknowns. 

II.  Two  and  three  equations  in  three  unknowns. 

III.  Three  and  four  equations  in  four  unknowns. 

813.  I.  Let  there  be  one  equation  in  xt  y, 


.i      x       y 

then  -  =  -^- ; 
bi       —  a^ 

and  therefore     -  = 1 (1). 

y          "i 

By  putting  y=l  we  deduce  from  (1)  the  solution  of 
the  simple  equation  in  one  unknown  a^ 


314.  Again,  let  there  be  two  equations  in  two  un- 

knowns, 

0  ...............  (1), 

0  ...............  (2). 

Multiply  (1)  by  62  and  (2)  by  —  blt  and  add; 


.........  (3). 

The  relation  (3)  is  called  the  eliminant  of  (1)  and  (2), 
and  in  the  notation  of  determinants  is  written 
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«1>  &1 

«2,    62 


being  called  a  determinant,  of  which  atj,  fej, 


are  constituents,  and  a^,  #A  elements. 

315.  From   the   preceding   definition  of  a   deter- 
minant it  appears  that 


a,  b 
c,  d 


-and  any  sign  or  symbol  written  before  any  determinant 
will  be  supposed  to  operate  on  every  element  in  the 
same  manner  as  signs  and  syn  ools  affect  every  term 
within  the  brackets  before  which  they  are  written. 

Thus 

2,      3 
4,      5 

4,  -1 

2,  5 

3,  2 

5,  6 

J.      3     =2(6-°)  = 

EXAMPLES. 
1 .     The  eliminant  of  ax  —  by  =  0 ,  a*x +bzy=Q  is 


~b 


-0 

~ 


that  is,  a&2+a26=0; 
•and  therefore  a-\-b=Q. 
2.  Prove 


a 


a2, 
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Expanding  the  determinants  we  obtain 


ai  (fl  A  —  flA)  —  «2  (aA  —  aA)  +  «3  («  A  —  aA) 


which  vanishes  identically. 

EXERCISES,  LXXVII. 
Find  the  values  of 


1. 


5,  6 

7,9 


2.  5 


2,3 
3,2 


2,  -1 

3,  -5 

2 
~3 


-4,      2 
3,  -2 


-5,  2 
-6,  0 


-4,      3 


ab,  a 
b,  ab 


6,  -  9r  ^ 

8.  Find  the  eliminant  of  5ax+2ij=Q,  Sbx—y=0. 
4.  Find  the  eliminant  of  ax-\-by=0,  bx-\-ay—0. 


5.  Prove  a 


c,  d 


a,  b 


a,  b 
c,  d 


=0. 


316.  II.  Let  there  be  the  three  unknowns  x,  y  zy 
and  the  two  equations 

g=Q  ............  (1), 

z  =  Q  ............  (2). 


To  eliminate  z  multiply  (1)  by  c2  and  (2)  by  —clt  and 
add;  therefore 

(ajct  -  fl^cj  x  +  (bjct  -  Vi)  y  =  0, 


x 
or  , , —  = 


y 


.(3). 


In  like  manner,  by  eliminating  x  or  y,  we  can  prove 
each  of  the  ratios  (3)  equal  to 
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Hence 


x 


y 


or,  in  the  notation  of  determinants, 
x  y 


(4). 

317.  If  0=1  we  obtain  from  (4)  the  solution  of  the 
equations 


and  therefore 


318.  Let  there  be    three    unknowns    and   three 
equations. 

=0 (1), 

=  0 (2), 

=0 (3). 
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To  eliminate  y  and  z  multiply  (1),  (2),  and  (3)  by 

On*        G< 


,  and 


respectively,  and  add;  therefore 

!• 


:  =  0. 


Hence 


Oo»      Ca 


b^  cx 


This  relation  (4)  is  called  the  eliminant  of  (1),  (2),  and 
(3),  and  is  written 


" 


=0 


•(5). 


the  quantity  on  the  left-hand  side  of  the  last  equation 
being  called  a  determinant,  of  which  alt  blt  clf  &c.  are 
constituents,  and  a^b^,  a^c^  &c.,  elements. 

Thus,  according  to  the  preceding  definition, 


6,  2,  3 
2,  4,  5 

=  6 

4,  5 
2,  4 

-2 

2,  3 
2,  4 

1    Q 

~T~  ^ 

2,  3 
4,  5 

3,  2,  4 

=  36-4-6  =  26; 

2,  1,  0 
3,  0,  4 

o 

0,  4 
5,  1 

-3 

1,  0 
5,  1 

+  7 

1,  0 
0,  4 

7,  5,  1 

,                                    . 

=  -40-3  +  28=-15. 


3, 

-1, 

2 

2, 

1, 

-3 

-4, 

2, 

5 

=  3 


1,  -3 

2,  5 


-2 


-1,2 
2,6 


-1,      2 
1,  -3 


=  33+18-4  =  47. 
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EXAMPLES. 
1.  Find  the  ratios  x  :  y  :  z  from 


x+2y-5z=Q. 
By  (4)  Art.  316,  we  have 
x  y 


-3,       4  i 
2,    -5 


2,       4 
1,    -5 


2,   -3 
1,       2 


which  become,  on  expanding  the  determinants, 


x        y        z 
1==U  =  7 


Therefore 


x  :  y  :  z  =  1  :  2  :  1. 

2.  If  (&-c)o;+(<r-a)i/+(a-&)z  =  0,  find  b-c  :  c-* 
a  —  b  in  terms  of  x,  y,  z. 

Since  (b  —  c)  +  (c  —  a)  +  («  —  b)  =  0,  identically,  we  have 
x(b-c)  +  y     (c—a)+z     (a-b)  =  0, 


and,  therefore, 


Hence 


—z 


8.   Solve  the  equations  3#— 2i/+6=0,  2^+3i/=5. 
Here  the  equations  may  be  written 


unity  being  the  value  of  z  in  this  case. 
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Therefore 


y 


-2,       6 
3,   -5 


3,      6 

2,   -5 


3,   -2 
2,       3 


X 


y 


-8      27       13 


Hence 


_8_ 
13 


27 


4.  Eliminate  a?,  y,  z  from   a?=a 
z=c(x+y}. 

Here  the  equations  may  be  written 
x  —  ay  —  az  =  Q, 


2/=& 


-cx-cy+  z  =  Q, 
and  by  (5)  Art.  318  the  eliminant  of  these  is 

1 ,  —  a,  —  a 
—  b,  1,  —6 
-c,  -c,  1 

Expanding  this  we  obtain 

1)    — b  — #,   — a  — a,   —  a 

•4-b  — c 

—  c,        1  — c,  1,    —b 

that  is,         1  —  bc+b(  —  a  —  ac)  —  c(a&  +  a)  =  0, 
or,  &c+ca+^+2afo  =  l. 

5.  Eliminate  x  and  y  fr'om 

<-a  =  0, 


=0, 
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Here  «=1,  and  —a,b,c  may  be  considered  the 
efficients  of  unity;  therefore  the  eliminant  required 


co- 
is 


Expanding 


that 


or 


6.  Eliminate  #,  ft,  and  c  from 


c  = 


Here  a,  b,  c  take  the  place  of  #,  y,  z  in  the  usual  for- 
mulas ;  and,  therefore,  the  constituents  of  the  determi 
nant  will  be  the  coefficients  of  a,  b,  c  in  the  proposed 
equations  ;  hence  the  eliminant  is 


x,    y,    1 

^,  y',  1 

x",  y",  I 


which  on  being  expanded  becomes 


x 


y', 
/, 


or 


—  X 
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EXERCISES,  LXXVHI. 


1,2,1 

2,1,2 
3,1,3 

, 

2,1,3 
3,1,2 
1,2,3 

, 

4,-6,6 

-2,     4,0 
l,-2,  3 

Evaluate 


1. 


2.   -2 


3.  Prove 


z, 


3,0,1 
5,6,2 
4,2,0 


2,0,5 
0,4,3 
4,0,3 


3>   "3 


Cg,     C?g 


=  0. 


4.  Prove  that  the  identity  in  the  preceding  question 
is  still  true  when  the  multipliers  of  the  determinants 
are  changed  from  blt   bv  b3,  b4  to   clt  c2,  c3,   c45  or  to 
d»  ds,  c?3,  rf4,  respectively. 

5.  Find  x\y\z  from  ar+i/+«=0,  ax+by+cz=Q. 

6.  Find  x\y\z  from  3#—  4y=2^,  7x  —  9y  —  7z=0. 


7.  E  (&-c)  a?+(c  —  a)  y+(a-i)  ^  =  0,  prove 
bz—cy  _  ex  —  az_  ay  —  bx 


c—a 


a—b 
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8.  Solve  the  equations  3#+2?/  =  32,  20#— 8y  =  l. 

9.  Solve  the  equations  7^+5?/=60,  13#  —  lly=10. 

10.  Eliminate  x,  y,  z  from  ax+by  =  cz,  a'x-\-b'y  =  c't 
"x  +  b"y=c"z. 


11.  Find  the  condition  for  the  co  existence  o 
equations 


DI  the 


ax+by  =  a'x  -\-  b'y  =  a"x  +  b"y. 


12.  Eliminate  x,  y,  z  from    by-}-cz=0, 


319.  III.  Let  there  be  four  unknowns  x,  y,  zt  u, 
and  three  equations 


= 0 . . .  (2), 


In  order  to  eliminate  z  and  it,  multiply  (1),  (2),  (3)  by 


C2,  a  2 


,  respectively,  and  add. 


Then,  since  the  coefficients  of  z  and  u  vanish  iden- 
tically, we  obtain 


v    ^ 

Cg,    ttg 


—  aa 
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2, 


-ba 


which  may  be  written  in  the  equivalent  form 
f 

y 


x 


2, 

c3, 


@2)   ^2'      2 

«g,     Cg,     tig 
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In  like  manner,  by  eliminating  y  and  w,  and  y,  z,  we 
prove  each  of  the  preceding  ratios  equal  to 


Hence  when  we  have  three  equations  (1),  (2),  (3),  we 
can  determine  the  ratios  x\y\z  :  u  from  the  formulas 


x 


11 


lt  dl 


?2,  &S»  Cl2 

'3>  bs,  t/3 


av  6, 


820.  If  we  put  w=l,  we  derive  from  the  last  for- 
mulas the  solution  of  the  equations 


+  dl  —  0, 
=  0, 
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in  the  form 


"       ^        "' 


,  &G. 


#2,    &2 

«„,      to 


821.  Let  there  be  four  unknowns  x,  y,  z,  u,  and 
four  equations 


=  0. 


.(1). 

•(3). 
.(4). 


In  order  to  eliminate  y,  z,  and  w,  multiply  (1),  (2, 
(3),  (4)  by 


2, 


t>3,     Cg,     ttg 


:, 


blt  c19  dl 


respectively,  and  add.    The  coefficients  of  y,  z,  u,  vanish 
identically,  and  we  obtain 


Og,     Cg,     ttg 


-  &c.    ^=0. 


and  therefore 
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&4»    C4>   ^4 


&i»  ^,  d± 


Jv 


which  is  the  eliminant  of  (1),  (2),  (3),  (4),  and  is  usually 
written,  in  the  determinant  notation, 


(6), 


the  left-hand  member  of  the  last  equation  being  the 
determinant  of  which  av  bL,  cv  d^  &c.,  are  constituents, 
and  at  62  c3  c?4  &c.,  elements. 


Thus,    according  to    the  preceding   definition,   the 
value  of 


1,1,1,1 
2,  4,  1,  1 

4,  1,  2,  6 
2,  4,  2,  3 


18 


4,1,1 
1,2,6 
4,2,3 


-2 


1,1,1 
1,2,6 
4,2,3 


1,1,1, 

1,1,1 

+4 

4,  1,  1, 

-2 

4,1,1 

4,  2,  3, 

1,2,6 

the  value  of  which  will  be  found  to  be  —15. 
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In  like  manner,  we  have 


5,  -10,      11,0 

-32,  -35,      34,  0 

11,      12,  -11,  2 

1,        5,        3,  0 


-85,      34,0 

-10,      11,  0 

12,  -11,2 

+  32 

12,  -11,  2 

5,        3,0 

5,        3,  0 

-10,  11,  0 

-10,  11,  0 

-35,  34,  0 

— 

-35,  34,  0 

5,    3,  0 

12,-H,  2 

=  5 


+  11 


the  value  of  which  will  be  found  to  be  8100. 


EXAMPLES. 
1.  Find  the  ratios  x:y:z:u  from 

—  42—  10w=0, 


By  formula  (4)  Art.  319  we  have 


x 


y 


3,  —4,  -10 
-4,      2,  -  5 
-2,      3,  -21 

— 

2,  -4,  -10 
3,      2,  -  5 
4,      3,  -21 

2,      8,  -10 
3,  -4,  -  5 
4,  -2,  -21 

2,  3,  -4 

3,  -4,      2 

4,  -2,      8 
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Expanding  the  determinants  we  get 


x          y  z     _u 


Hence  the  required  ratios  are 

295  :  236  :  177  :  59, 
or     5:      4:      8:    1. 


2.  Solve  the  equations 


—  10=0. 


—  2z—  21  =  0. 


Here  u=l,  and  therefore,  as  in  Ex.  1, 


x 


-2,      4,  -10 
5,      3,  -20 
3,  -2,  -21 

— 

10,      4.  -10 
3,      3,  -20 
1,  -2,  -21 

10,  -2,  -10 
3,      5,  -20 
1,      3,  -21 

10,  -2,  4 
3,  5,  3 
1,  3,  -2 


Expanding  the  determinants  we  get 


Therefore 


x  y  z  1 

"576"  ~~  "768"  ~  "-^S?  6  ~  T92~ 

576 
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tj 
y 


-  768  _ 
"  192 

_-576 


192 


=  -3. 


8.  If 


= y =- ,  find  a:  b: 

mb-\-nc  —  la     nc+la  —  mb     la+mb  —  nc 

c  in  terms  of  x,  y,  z,  I,  m,  n. 

Let  each  of  the  given  ratios  be  equal  to  \ ;  then  the 
given  .equalities  may  be  written 


*Y 

—  la+mb+nc—  -=0, 


la  —  mb+nc—    = 


la-\-mb—  nc  —  -= 


Here  we  may  consider  a,  b,  c,  ~  to  take  the  place  of 

A. 

x,  y,  z,  u  in  the  standard  equations  ;  therefore  by  (4) 
Art.  319  we  have 


a 


m,  n,  —x 
•m,  n,  —y 
w,  — n,  —z 

1 
X 


n    —x 


—  1, 

I,      n,  -y 
I,  —  n,  —a 


—  /,  m,  —  # 
Z,  —  m,  —  y 
1,  m,  —  z 


lt  m,  n 
1,  —m,  n 
I,  m,  —n 


Expanding  the  first  three  determinants  we  get 
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—  2??m  (y+z)     —  2nl  (z-\-x) 
and  therefore  the  required  ratios  are 

r 

ran  (y-{-z)  :  nl  (#+#)  :  Im  (x-\-y}. 
4.  Eliminate  x,  y,  z,  u  from  the  equations 


au-Q. 


By  formula    (6)  Art.  321    the   eliminant  of  these 
equations  is 


a,  6,  1,  1 
1,  a,  b,  1 
1,  1,  a,  b 

b,  1,  1,  a 


=0, 


which  on  being  expanded  becomes 


5.  Eliminate  a,  Z>,  c,  d  from 

cz  —  d  =  O1, 


Q2 
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Here  a,  b,  c.  d  take  the  place  of  .r,  ?/,  z,  u  in  the 
standard  equations,  and  therefore  the  constituents  of  the 
determinant  -will  be  the  constituents  of  a,  b,  c,  d  in  the 
proposed  equations. 


Hence  the  eliminant  is 


a?,  yt  z,    —I 

y  ,/  j    _i 

•*  «  y  >  ~  >      * 

•<",  ?/",  *",-! 


which  may  be  expanded  as  before. 


=  0, 


6.  Find  the  condition  for  the    co-existence  of  the 
equations 


=  a'x+  Vy  +  c'  =  a"x  +  b"y  +  c"  =  a'"x  +  b"'y 


Let  the  common  value  of  these  quantities  be  X ;  then 
the  equations  may  be  put  in  the  form 


Here  1  and  X  take  the  place  of  z  and  u  in  the 
standard  equations;  and  therefore  the  constituents  of 
the  determinant  will  be  the  coefficients  of  a/-,  y,  lf  X  in 
the  last  equations. 
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.minant  is 

a, 

b, 

c, 

^ 

a', 

a", 

V, 
V, 

c', 
c", 

-1 
-1 

=  0, 

a", 

V", 

c'", 

-1 

<rhich  on  being  expanded  gives  the  required  condition. 


1.  Evaluate 

1,1,1,  4 
2,4,1,  8 
4,1,2,13 
2,4,2,11 

2.  Prove 


EXERCISES,  LXXIX. 


5, -10,  11,  0 
10, -11,  12,  4 
11,  12, -11,  2' 

0,       4,       2, -6 


7, -2,     0,5 

-2,     6,-2,  2 

0, -2,     5,3 

5,     2,     3,  4 


b* 


=  2abc(a+b+c)3. 


3.  Prove 

0,  c,  6,   d 

c,  0,  a,  e 
b,  a,  0,  / 

d,  e,  /,   0 

4.  Prove 


= a2^ + iV + c2/  -  2a6<fc  -  2fo<?/-  2adc/. 


o, 

1, 

1, 

1  \ 

0,  xt  y, 

* 

1, 

o, 

23, 

f 

*,  o,  *, 

2/ 

1, 

*3» 

o, 

a.2 

?/i  «,   0, 

a; 

1, 

yz, 

J-2, 

0 

j      /  y        ) 

0 

5.  Find  the  ratios  x  :  y  :  z  :  u  from  the  equations 
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6.  Solve  the  equations 

x  —  2/+z=3,  3#+t/—  £=13,  a?  —  y  —  « 

7.  Solve  the  equations 


=—  1. 


8.  If  bz-\-cy  =  cx-\-az  =  ay-\-bx=\,  prove  x  :  y  :  z  :  x 
equal  to 

a(a-})-c)  :  b(b-c-a)  :  c(c-a-b)  :  - 

9.  If  x= by -\-cz-\-du, 

y  =  ax -\-cz-\-du, 
z=ax-\-by-}-du, 


prove 


a 


d 


l+a       1+6 


1+d 


ANSWEKS. 
i. 

I.  a*  2.  a-\-b.        8.  .T+&+C.  4.  xy. 

II. 

1.  a  —  c.       2.   —z.         3.  #  —  d.  4.  a+c+e. 

in. 

=  rt  —  (  —  b  —  c). 


2. 


17. 

1.2a-x(y+z).    2.  a*-b(b-c).    3.  a-2c(b-l)-d. 
4.  a?-J+*.     5.  2a- 


V. 

1.  18a3.       2.   -lla.        3.  60?.        4.  ^+4y.        5.  0. 
6.  or^tf.  7.  a.         8.  a+f&_£c.    9.  -  a*x 
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10. 
12. 


11.        — 


13.  « 


VI. 


1.  a -76.  2.  #-42/+2s.  3.  2^+2*.  4.  -4a-46+4c. 

5.  80*-^- 140+ 18.      6.  2a2+662-5c2-l(>«&+12&c 
+  2ca.       7.  26.         8.       +6.      9.  a^-aj+l.      10.  lyz 


10.  c-e.         11.  -a-106-2c. 


IX. 

1.  ax -\-bx-\- ay  —  by.     2.  a  —  56.      3.  Sa  — 
4.  a.     5.   -lla+6.     6. 
7.  13a-206+24c.         8.   - 
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X. 

1.  28abc.       2.   +7(Xr6.       3.    -  \x-if  z\       4.    -12?/-1. 
'5.  10a&.         6.  12a.         7.   -2a26. 


XI. 

2.  3 
8.  6a-8jr10a.     4. 


JL  1. 

5.  x-i-  4          2 


XII. 

-8.     2.  ^4-9^2  +  ^-l.     3. 
4.  a8+«464+68.       5.  #5+75.      6.  l-2^ 


7.  2^- 

8.  4^6- 
9. 

10.  o^- 

11.  a3  +  ^3  +  c3-3rt&c.     12.  a4- 

13.  a;-y.     14.  J""^"'     15.  a-b.     16.   « 
17.  aJ*+2a?i+a?-4.     18.  a;4-2+^-4.     19. 


20.  a-1-!.     21.  a2- 
22.  a2 
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23. 
24. 
25. 
26. 
27. 

28. 


xin. 

_i.        2.  2.c5-^4- 
-l.         4.  24^+4^4 


8. 
5. 

6.  a?4  - 

- 

8.  i^- 

9.  a 

10. 


XIV. 

;4.          2.  l- 

.     4.  l- 
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XV. 

1.  aa-9&2.         2.  a4-64.  3.  «*-&*. 

4.  a-6.         5.  16a^-25&i         6.       a*-. 


7.  p—  y-          8. 

9.  25rt2-962+6k-c2.       10.  4a4-964- 
11.  a;2- 
12. 
13.  4a4-9i2-c2- 


XVI. 

1.  8^+27^.         2.  o^-S?/3.         3.  a?-b*. 
4.  a^+ii         5.  8^-27i/i         6. 
7.  a3a;- 


XVII. 

1.   -2o?.         2.  -3^?/a.         8.  —x.        4.   -ofy*. 

L  1  i 

6.   -2a.         6.   -5«.         7.  a^c20- 


XVEII. 
2.    -3ax* 

8.  moPy  —  nxif.         4.  axm  —  bxn. 
5.  -5^+Gi8.        6.  ??i#m-??7n 
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XIX 

1.   1-2^+tf2.         2.  5^7- 
4.  3r+o;+3.         5.  3^- 
1.  x*+x*+x*+x+l.     8. 

10.   l-8a?  +  2a5»-a*.      11. 
•f2a?+l. 

13.    3^-5aj»+ijr+9.        14 


16.    2/ 

18.  o? 
21.  « 


24.  tf+6+c.     25.  tf- 

27.  ^2+^(7/+l)- 

28.  J-G.         29. 

orv          ^    ,  *    •        * 

30.  x  -\-xy   -\-x 

o-l  g  _i    />27,  ^     I.  n  2 

32.  o;+a;V 
34.  a+2«26 


3/>.2 
•     it     ~ 

6^2 
.    X    - 

.    9.  ..2- 

1  n      i*4  _L  9 

_L    A«i  •  «,t/  "1™      — J  t 

a;-2.        15. 


- 


.       19.  a:- 

22 


20. 


23.  x~  —  mx 


-n.    26.  rt2- 


33. 


o,      I         ~*  ,    *  -1- 
*.          do.  x   —xy     -{-x  y 


2  1—1. 

36.  a   —a  b 
4- a8. 

38.  ^-2^*w~ 


'.       37. 


*          *.«*'* 

a 
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XX. 

1.  2^-3^+y,  -i.         2.  a?  -a,  2aa. 

3.  ^-fltf+fl2,  -2ft3.          4.  ^-#+4,  -3o?-4. 

6.  2^+3,  -5^  -So;  -3. 

6. 

7. 


XXI. 

1.  6^+1137+30.  2. 
4.  20^4-3^2+2.     5. 
6.  a*+a*-x-l.     7.  4:if  - 
8.  11.^-2^+77.     9.  5^2-12^+12,  12^-72. 

10.  4^+2j;2-2j;+3,  15. 

11.  7tf4-2arJ+s8-3a?+9,  -27. 

12.  7ajf+14a?+4,  -34^-11. 

13.  10^+5^+1,  10^+10. 

14.  5^2+10^+5,  -5^-10^+27. 

15.  8j?-66,  16.i-2+56.     16.  10^,10^-100. 
17.  3^+11^+19^+45,  90^-8. 

18. 
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XXIL 
1.  2.       2.  7.       3.  i.       4.  1.       5.  6a-a2,    6.    -2*. 

XXIII. 

1.  1.       2.  47.       3.  36.      4.    -205.      5.  0. 
7.  2rt9.       8.  1. 

XXIV. 

1.  20.     2.  300.     3.   -535.     4.  1.     6.  10.      6.    -1. 

7.    -800.     8.  7|.     9.  -8. 


XXV. 

2.  4<rJ- 
3. 
4. 
5. 
6. 
7. 
8. 
9. 


c4  -  2a2rf  -f  26^  - 


10.  4^- 
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XXVI. 

+«8.     2.  8as- 

8.  8a6+36tf4+54a2+27.     4.  tf6- 
5. 
6. 

7.  ic3- 

8.  a6+ 

9.  1  -  aP+f-tf-Sx  +  8*/-8*  +  Sa-8  + 


10.  6V  +  cV  +  a3/;3  +  3at2c3  + 


XXVII. 

1.  tf+Stfij+Sxif+y*.         2. 
8.  as- 

4.  ^- 

>3 

"  *v     • 

5  . 


6. 

XXVIII. 
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2. 


3.  l- 


6.  l- 


2.  2a-3&.         8.  ».—  f 


7. 
10. 


8. 


9. 


11.  as+4+4a?-3.         12.  aj"- 


13. 


14. 


15. 
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XXXI. 

2.  3#-2.       3.  2a-7#.     4. 
6.  3^- 


xxxn. 

1.  4ct#8.         2.  3o#.         3. 
6.  4<^.         6.  xyuv. 


XXXIII. 

2.  tf+8.           8.  a?-l.  4.  x-l. 

5.  a?-l.           6.  a;2-!.            7.  #-2.  8.  #+9. 

9.  ^-4^+3.      10.  x-l.      11.  #+6.  12.  x-l. 

13.  0^-2^+1.     14.  Sar8-!.     15.  2o;+5.  16.  a? 

17.  x-l.       18.  #2-a3.        19.  x*+y.  20. 
21.  a;+3.         22.  a?-\ 


XXXIV. 
1.  2  (x-l).         2.  3a;  (a^+ajy+y8).          3.  ax(x-y). 


4;  ai(2 

R 
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XXXV. 


4.  o;- 


5. 


?—  3. 


XXXVI. 

1.  86aW.         2.  105a»V*.         3. 


4.  2(4^+1)  (2^- 

5.  (^-1)  (^+1)  (^+1).     6.  (2^-1)  (3^-1) 
7.  (x-l)  (Zx-l)  (2^+1)  (3o7-2). 

XXXVII. 


3. 

4.  5  (8fl-2i)  (4a+5fe)  (5«+46)  (a  +  fc) 

5.  (0-2-4)  (4^-1)  (^- 

6.  7x- 


XXXVIII. 


cFbx -\-atfy 
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A      _^: 

*« 


XXXIX. 


__ 
**   56'  ' 


ay-6^  c 

4.  -  5.       ~r          o. 


. 

o  —  o  x 


13. 

XL. 


a         c  x         y        z 

'   a6c  '    «6c  '  "  xyz '  '  ' 


B  2 
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6. 

8. 


c-b 


2  0'2-1),  3*0+1)     5x 

•  •    "  ~~^3 


— » — jj 

—  X       ttj   ^~  < 


a  —  c 


(b  —  c)  (c  —  a)  (a  —  b)       (b  —  c)  (c  —  a)  (a  —  b) 
b  —  a 


(b  —  c)  (c  —  a)  (a  —  b) 


XLI. 


_ 

" 


1. 


10. 


12. 


15. 


17. 


19. 


8#+5 


2 


13. 


16. 


2(1+0?) 


14. 


85^-206 


18.  0. 


a? 


0+3) 


20.7 


l+a?+^ 


21.  2.        22.  7 
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XLIL 


&  +  jf  —  %®y  abcti*  +  ex  -f  26  1  — 

1.  *  ^5.    -  ;       ;:  •  3. 


*  a-2 

L0-  3- 


12.  ar4-- 


x  —  y 


- 4  6^  +  60;  .T3 - .r // 


xLin. 


•  3  (m-n)n      *  26  («+a?)  *  (w-w)2 

7.  1.       8.  1.        9.  2(a+6+c).        10.  1.       11.  2. 


12.  -     -  •     13.  -    —     14.  \-r~" 
x  —  y  x  a*-\-b2 
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XLIV. 


*' 


4. 


6. 


x+y          *  b(a-b) 


(a-b) 


9-  M 


XLV. 


1.    Vl8,    ^56,    ^405.        2.  2^6,     3 


3.   ^125,    ^27.          4.    ^8,    ^27, 


XLVI. 

1.  7V2.        2.  3  V3.         3.  9^4.       4.  36  Vs. 
5.  5^2.     6.   V3. 


XLVII. 
1.  6 Vl5.     2.  6^28.       3.   ^4500.     4.  10\V43£ 
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5.    ^72-     6.    A/15-3\/2.    7.  *.    8.  2  A/2  -2  A/3 

+  2. 

9.  2+^72-^12-^/2187. 
10.    ^2*73*,     v^TS6,    ^8, 


XLVIII. 

1.   ^9.        2.  i^5.          3.   VS.          4. 

6.  ^/^; 

XLIX. 


W7 
---  » 

75 


•2  A/8)(3+V2)-  4. 
5.  dn 


2  13 

7.  (V8+VT2)  (\/3+  V2). 


(2+ A/3- A/5)  (2 A/3-1) 

O.  — -  •  j 

22 
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9     _(3-\/2-V/3)  (4  +  3  A/2) 
4 

10     _2(l-A/5-f  A/3)  (3  +  2A/5) 
11 


11. 


12. 


(A/2+A/5-A/7)  A/10 


_( A/2 -A/5+ A/7)  A/10 


10 


L. 

1.  5.         2.  3.         3.  3.       4.  TV       5.  3.       6.  2|. 
7.  2.  8.  1.  9.  2£.          10.  3.         11.   -2 


12.  2.       13.  7.       14. 


a  — 


— ?7i 


20. 


LI. 


1.  105.          2.  8i.          3.  72.          4.  6.          5.  11. 


6.  4.       7.  17.       8.  7.       9.  10.        10.  5.       11.  5. 
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r        ad  a —  b 

12.  -T-        13.  14.  1.         15.  f.  / 

be  a-\-  b 

17.  2.         18.  fg,         19.  f. 


20.  b-a.         21.  --         22.  23. 


. 
6  —  a  4  — 


24. 

a-}-  o 

Ln. 

1.   -4.        2.  y-        3.  4^.        4.  4j.         5.  21. 
6.  5.         7.  5|.        8.  |f.        9.  4.         10.  ~~-  - 
11.  (Va+Vft)8.          12-  i-        13.  f         14.  ! 


289 
15.         -     16.  25^-50a;+9  =  0.     IT.  ^=162.      18. 


^  LHI. 

1.  7.        2.  12,  18.         3.  4,  7.         4.  6.         5.  f . 
6.  £28  10s.,  £5  14s.      7.  23s.,  16s.        8.  £12,000. 
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9.  £112  10s.,  £75.     10.  13£  miles.    11.  30  gallons 


an  -{-bq  -f  cr 
12.  --— '         13.  28i  min.         14.  12 


15.  4|  miles.     16.  3|  min.     17.  20,  4.     18.  18, 
19.  35.         20.  22  crowns,  180  half-guineas. 

21.  5TST  min.  past  7.          22.  4  seconds.  23. 

;:m  hours,  where  m  lies  between  1  and  11,  inclusive. 


24.  72  leaps,  while  the  hare  takes  108. 


t'-t 
"25.  a- TT—'        26.  3  miles,  12  miles. 

v    "~   v 


27.  55  sixpences,  59  shillings,  4  sovereigns. 

28.  21  miles  per  hour,  42  miles  per  hour. 


29.  500.         30.  84.         31.  84.        32.  12  miles  per 
hour. 

33.  26/T  min.  past  2. 

34.  Son's  share  £900,  daughter's  £600,  widow's  £750. 

35.  4000,  1500,  400. 


nw+n'w'     sw-\-s'w'      cw-\-cfw' 

"  >  7    >  :      r~. 

w+w          w-\-w 
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37.  15  cwt.         88.  90  men.         39.  One  million. 
40.  £1750  and  £3472. 

r 

LIV. 

1.  1,  2.        2.  0,  3£.         3.    -3,  5.        4.  2£,  -3. 
5.  £, -f.        6.  0,i.        7.  2,  -2.         8.  2V-1, 


9.  3,  5.  10.  -2,  -7.  11.  4,  -3.  12.  4,  -5. 
13.  i,  i.  14.  |,  -J.  15.  i,  -|.  16.  -f,  -|. 
17.  2,  £.  18.  6,  -18.  19.  3,  -f.  20.  6,  0. 

21.   -a,  -6.       22.  -(1±V2T.       2^.   A/n2' 
a  j  /i 


24.       =>V/1+a2         25.  8,  -8-         26.  0,  -10. 
a  9 


27.  ''  --•       28.  4±VI°6.       29.    "8±V/93. 
a       c  10  14 

30.  14,2-48.         31.  f(7±V55). 
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LV. 


1.  ±2,  ±V-Q.      2.4,3^3.     3.  -1, 


l±\/-3 
2 


4.  4,  5. 


6.  2,  -3, 


7.  1,  1,  1±2\/15-        8.  18i,  5. 
10.  6,  3,  1,  i.      11.  7,  9.     12.  3, 


2 
9.  3,  4,  | 

13.  10, -V,  -i± 

14.  1,  -  v»  -i±TVV49r        15.  5,  -30, 
16.  ±3.         17.  5,  -Hi.         18.  ±1. 

19.   ±1,  ±V-ff. 

LVl. 

1.  8,  6.       2.  6,  4.       3.  24.       4.  8,  8*.        5.  4,  9. 

6.  £70.        7.  20  days.         8.  15  and  30  days. 

9.  64,  36.  10.  24in.  11.  44  yards,  110  yards. 
12.  4  miles  an  hour.  13.  12,  or  8.  14.  87. 

15.  53.  16.  25,  30.  17.  9.  18.  64. 
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LVII. 

i 
f 

1.  (a?  -2)  (0-9).         2.  («?+4)  (a?-  18). 
3.  (2a-l)  (80+4).         4.  (7+60)  (1-20). 

5.  (11  +  100)  (3-44         6.  (6-190)  (18-110). 

LVIIL 
1.  V*        2.  4.        3.  TV        4.  1         6.  603V 

LIX. 
1.  10,7.        2.  6,  2.         8.  2,  -3.        4.  4,  12. 

6.  3,  2.        6.  8*,  4.        7.  i,  f  .        8.  19,  2. 


ab        ab 
9.6,12.        10.  i,*.        11.  a,  6.        12.  , 


LX. 

1.  5,  11.        2.  11,  7.        3.  4,  6.  4.  5,  7. 

pr  .,.  ft      17     Q  7       * 

°'     /»2  i  A2>    ,,2  I    ;,a  °*         u>    M  v"  '•  nn  —  hrt'    fin 


270 


)F  ALGE1 


8. 


a-\-  b          a-\-b 


'  a  (a-  6)'  b(b  -a)' 


LXI. 


1.  2,  1.         2.  4,  3.         3.  8A,  9f  J.         4.  8,  2. 


5.  *,  *.         6.  f ,  |.         7.  a,  6.         8. 


Lxn. 


1.  2,  1.        2.  4,  -5.        3.  i,  i.        4. 


bp  —  en    cm  —  ap 
5.  11,  -9.        6.  ^      -t  r- 


m  — 


w  (i  —  r)  —  ?i  (*  +  r)    w  (t  —  r)  —  w  (t+r)' 


8. 


nq  —  mp 


1.  2,  1,  8.      2.  3,  4,  6.      8.  2,  1,  3.      4.  0,  11,  13. 


ELEMENTS  OF  ALGEBRA.  271 

5.  4,  0,  5.      6.  5,  -5,  5.      7.  2,  4,  6.      8.  5,  7,  9. 
9.  |  (6+c-a),  &c.         10.  f  (rt+6+c)  -a,  &c. 


11.  £  (&  +  c),  &c.         12.  x  =  y  =  z  =  T- 


LXIV. 

1.  12,  14.         2.  35.        3.  TV        4.  9,  7,  6. 
5.  3,  4.      6.  112i  min.,  90  min.      7.  £141  Is.  6d, 

8.  72,  64,  56,  48.  9.  A  in  3  days,  B  in  6  days, 

C  in  9  days. 

10.   24.          11.   (p  +  l)n,  (pq-l)n,  (q+l)n. 

• 

12.  Passed  8,  rejected  6,  sent  back  3. 

13.  15,  25.     14.  24,  60,  120.     15.  110,  50.     16.  84, 

17.  A  £75,  B  £35  2s.,  C  £51  6s.  At  end  each  has 

£53  16s. 

18.  60  min.,  75  min.,  90  min.    All  together  in  24^7 

min. 

19.  562£  per  mille,  937|  per  mille. 

20.  A  to  B  37  miles,  B  to  C  45  miles,  C  to  A  52 

miles. 
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21.  19  five-franc  pieces,  11  two-franc  pieces. 


22.  10  bought,  5  burnt. 


LXV. 


1.  11,  1 ;  1,  11.    2.  25,  24.     3.  102,  98.     4 


5.  8,  10.      6.  1,  2;  -50,  19.      7.  4,  1 ;  -£,  - 


8.  5,  2;  -3f,  7H-        9-  36,  38.        10.  25,  21. 


11.     i,  i.        12.  4,  2.       13.  181,  16*.       14.  2,  1 


15.  3,  -5.       16.  7,3.      17.  2,  *;-&,-*. 


18. 


19. 


20. 
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22. 


p+  V  pz  —  4abq     p  —  V  p*  — 
~~  ~~ 


v     \p*-\-&abq-\-p     V  joa-f  labq—  p 


2a 


LXVI. 

1.  1,  2,  8.     2.  2,  3|,  4i.     3.  3,  4,  5.     4.  1,  -2,  4< 
5.  3,4,5,        6.4,  -5,7.        7.  -5,3,  -2. 
abc 


y.  ,*,f _ 

o-\-c  — a 


10  JL  -i=  -1 

1U-     .  /,— >    .  / — »•     /~ 


LXVIL 

1.  ±8,  ±1;  ±|V6,±jV6. 

2.  *2,*8;  ±2,  ±1.        3.   +10,  4:5. 
4.  5,  4;  4,5.        5.  9,7;  -7,  -9. 
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7.  +5,  ±2;   +2V-1, +6V-1. 

8.  3,2;  2,  3.         9.  1,8;    -2,  -1. 

10.  10,15;    -10*,  -16|.         11.  12,3;   -7,  -f. 
12.  ±10,  ±3;  :fl4V^S, 

LXVIII. 

1.  36.         2.  28,  82.         3.  16,  17.         4.  71,  81- 
5.  88,  55.         6.  19,  10.         7.  10,  9. 

8.  843  cubic  in.,  64  cubic  in 


9.  1(1+      6),  1(8+  *5. 

10.  1  (8+  V~8),  i(8-V-8). 

11.  1  (5±\/5),  ±1  \/5). 

12.  11,  7.         13.  73.         14.  32. 


15.  |,~H' 


16    Ji         17.  92.         18.  98.         19.  5  and  3. 
20.  £6000  at  7  per  cent.,  £7000  at  6  per  cent* 


5    --1. 
7'  "~0.6 


•S* •      rr>          f\  f  • 


.22.   5  years  at  4  per  cent.,  or  8  years  at  21  per  cent. 
23.  First  cock  in  8  hours,  second  cock  in  6  hours. 
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LXIX. 


A/2-f  1       ,  V2-1 

3.   — Z_  and— *. 

2  2 


4.  The  line  is  bisected. 

5.  The  line  is  bisected. 

LXXL 

11.  2  :3  :4. 

12.  2:3:4. 

LXXHI. 
1.  4.        2.  6  :  2.        3.  5. 

6s 
4-  y*=jT  (a8-*2).        5.  ^=^ 

G.  12.         8.  5  seconds. 

ab 


LXXIV. 

1.  58^         2.  6.         3.   -35.         4,  3f. 
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K         _  1 2  fj . 

&•    --V         °-      2 

7.  5^-,  51,  6A    61 

10'     10'     10'      w 

8.  d  =  5,  n  =  9.         9.  4,  or  14.         10.  7. 

11.  7,  11,  15, 19,  23.     12.  £1  3s.  5^d.,  £326  11s.  3d. 

13.  400 ft.,  2704  ft. 

14.  5i,  8i;  or  -4|i,  -8ff. 

15.  11,  85;  or  -9^,    -84^. 

16.  1+3+5+ 


.  2f,  2f. 


LXXV. 


o 

S5i  1536'  21* 


8.  13|,  13|. 


4>  *i  "7      6'  VT-T'     6* 6)  18)  5 


7.  1,  H,  2J,  3|,  51.      8.  2^,  5,  10,  20,  40,  80,  160. 

16 


5     1 


9-  o-o  +  in 10-   «+  V  a2-  62,  a-  V  a2- 


I1. 

148 


I364 
12375* 
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LXXVI. 
1.  8£,  3|.         2.  2f ,  8.  4,  6.         8.  8,  2. 

LXXVII 

• 

1.  3,  -7,  -2,  -12. 

2.  -^25,  -14,  ai-1. 

3.  5a-f  66  =  0. 

4.  aa-P  =  0. 

LXXVIII. 

1.  0,6,18.       2.  92,  ~1A£.       5.  c-b:a-c:b-a. 

6.  10:7:1. 

7.  Combine  with  identity  (6  —  c)  a+(c  -a)b+(a  —  b) 

c=0.         8.  2,  13.         9.  5,  5. 


10. 


<z,  b,  — c 
a',  6',  -c' 
a",  6",  -c 


=  0. 


11.  Assume  each  given  quantity  =*,  and  then  elimi- 
nate x,  y,  z  from  the  three  equations. 

a,  b,  —  j. 


Eesult. 


a!,  V,  -1 


a",  6",  -1 
12.  ab'c+a'bc'  =  0. 


=0. 


LXXIX 


1.   -15,  8100,  -972. 

5.  -3:4:7:1. 

6.  4,  3,  2. 

7.  1,  2,  3. 
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